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Abstract

This thesis considers problems related to multi-objective settings in turn-based,
zero-sum stochastic games on graphs with perfect information. When a player must
pursue two or more objectives simultaneously, novel strategic behaviours emerge
that are rarely observed in single-objective games. Typical single-objective meth-
ods either prove that pure stationary (memoryless deterministic, MD) strategies
are sufficient, or invoke known strategy-lifting theorems to reduce the analysis to
a simpler one-player game. By contrast, in multi-objective games MD strategies
usually fail: the player must either store some history to shift focus between ob-
jectives, randomize between actions, or do both. The same difficulty arises already
in single-player stochastic games (MDPs), thereby invalidating the hypotheses
required by the lifting theorems. Finally, multiple objectives raise additional
questions—most notably Pareto optimality, which captures the trade-off between
the different components of a combined goal. We consider three different scenarios
in this vast space of possibilities and provide solutions in these cases.

First, we study stochastic games G with the Energy-Parity objective, which
combines a quantitative energy constraint with a qualitative parity condition.
The Max tries to avoid running out of energy while simultaneously satisfying a
parity condition. We present an algorithm to approzimate the value of a given
configuration in 2-NEXPTIME. Moreover, the corresponding e-optimal strategies
for either player use no more than O (2-EXP(||G||) - log(2)) memory modes.

Second, we analyse finite-state Markov decision processes equipped with the
combined Energy—Mean-Payoff objective. The controller tries to avoid running
out of energy while simultaneously attaining a strictly positive mean-payoff in a
second reward dimension.

We establish that finite memory suffices for almost surely winning strategies
for the Energy—Mean-Payoff objective. This contrasts with the Energy-Parity
setting, where almost surely winning strategies generally need infinite memory.

We prove that exponential memory is sufficient (even for deterministic strategies)
and necessary (even for randomized strategies) for almost surely winning Energy—
Mean-Payoff. The same upper bound applies when the mean-payoff requirement
is generalized to its multidimensional variant.

Finally, it is decidable in pseudo-polynomial time whether an almost surely

winning strategy exists.



Third, we study the strategy complexity (i.e., memory and randomization)
of optimal strategies in stochastic games. For shift-invariant inverse-submixing
objectives, it is known how to lift optimal finite-memory strategies from MDPs
to games with an exponential increase in the number of memory modes. We
demonstrate the corresponding lower bound, i.e., the extra exponential memory is
required in general, even if one allows randomization in both actions and updates.

While the worst case looks exponential, we show that it is easier for the
conjunction of two well-studied objectives, namely the positive Mean-Payoff-
Parity objective (MP > 0 N EPAR), which is also shift-invariant inverse-submixing.
In (Maximizing) MDPs, it is known that optimal deterministic strategies require at
least exponential memory. We prove that, with randomization, optimal strategies
can be chosen memoryless. However, in stochastic games, while the lifting theorem
provides an exponential upper bound, we prove that optimal randomized strategies
require at most polynomial memory (equal to the number of even colors) and
we give a matching family of games that proves the lower bound. Optimal
deterministic strategies, on the other hand, need exponential memory.

Finally, we prove that an alternative lifting technique—one that works for
memoryless (or, respectively, finite-memory) deterministic strategies—does not

extend to memoryless randomized strategies.



Lay Summary

This thesis explores the mathematical strategies required for decision-making
in complex environments, modeled as “games” played on graphs. These games
represent scenarios where a controller must interact with an unpredictable or
antagonistic environment to achieve a goal. In games with a single objective,
simple reactive strategies are often sufficient. However, real-world systems usually
need to balance multiple, conflicting goals simultaneously. We demonstrate that
in these multi-objective settings, such simple strategies fail; to succeed, a system
must typically remember a history of past events or make randomized choices to
navigate the trade-offs between different goals.

The core of this research investigates the “complexity cost” of finding optimal
strategies in these difficult scenarios. We analyze exactly how much memory and
computational power are strictly necessary to guarantee success across various
combinations of objectives. Our findings reveal a distinct trade-off: while some
problems require the system to track a vast, exponentially growing amount of
information, others become significantly simpler to solve if the controller is allowed
to behave randomly rather than adhering to a rigid, deterministic plan. By
establishing these mathematical boundaries, this work helps define the limits
of efficient algorithm design for autonomous systems operating under complex,

multi-layered constraints.



Acknowledgements

First and foremost, I would like to express my deepest gratitude to my primary
supervisor, Richard Mayr. Without his guidance, this thesis would not have been
possible. Richard introduced me to the field of game theory and research on
games on graphs, and I will be forever grateful for his time and this wonderful
opportunity.

I would also like to thank my second supervisor, Kousha Etessami, for his
unwavering availability and advice. My discussions with him, whether about
research technicalities or general life ambitions, were always honest and incredibly
helpful. T only wish I had taken the opportunity to tap into his vast knowledge
even more during my PhD.

I extend my thanks to Rik Sarkar for giving me the chance to be involved
in his research in Machine Learning, and to my examiners, Aris Filos-Ratsikas
and Mickael Randour, whose insightful comments and suggestions undoubtedly
improved this thesis.

[ am grateful to the University of Edinburgh and the LFCS for funding my
PhD and conference travels. A special thanks to Patrick, Jonathan, and the entire
IGS team for handling the many administrative questions I encountered and for
organizing and funding some memorable social events.

I would not have been able to embark on a PhD were it not for the professors
and teachers I had the pleasure of learning from, from my school years through
to my Masters at ENS Paris-Saclay. I am especially thankful to S. Akshay and
Amaury Pouly for their patience and guidance when I was taking my first steps as
a researcher. I also thank Roopsha Samanta, Joél Ouaknine, Markus Whiteland,
and Engel Lefaucheux for the opportunity to learn so much about research during
my time with them.

My time in Edinburgh was enriched by a wonderful academic community.
Thanks to Sal, Wenyue, Shuai, Sunglin, Christopher, Zeyu, Georgios, and Yen for
being fantastic office mates. Thank you to Eric, Asif, Tobias, Nana, Karim, and
many others for the engaging discussions over the years. I also thank Georgios
and Jakub for introducing me to the Game Theory seminar, and Charalampos for
organizing it.

[ am grateful to Tim, Oleg, Chak, and the entire TSRL team at J.P. Morgan

for giving me the chance to be part of something amazing during my internship.



My time in London was made all the more enjoyable courtesy of the amazing
company I had—thanks to Santosh, Sanskaar, Anjali, Uday, Mano, Surabhi, and
Divyank.

Beyond research, I had the opportunity to meet many people who made this
journey special. Thanks to Saurabh, Ruchika, Arjun, Nicolas, Hanyu, Stavros,
Khalis, Tim, Luis, and Keshav for making my three years at Pentland House
very enjoyable. Away from studies, I was glad to be a part of the Chess Society
and was pleasantly surprised to meet the vibrant Pokémon GO community in
Edinburgh.

I owe a particular debt of gratitude to Tomasz and his family for their swift help
in taking me to the Royal Infirmary when I was in a vulnerable medical situation.
I thank the doctors and staff at the Royal Infirmary, St. John’s, and Lauriston
for their care. However, this difficult time brought a wonderful connection into
my life, leading me to meet Sai Akka, Krishna Bava, Charvik, and Bhaavya, who
became my family away from home. Thanks also to Mary Akka for connecting
me to Sai Akka.

I am incredibly glad to have met Nijesh and Nickil during my final six months,
as they helped me make some of my best memories. 1 will always cherish our
discussions, which sometimes went well past midnight—often ignoring Nijesh’s
protests that he needed to sleep, even though he was usually the one keeping the
conversation alive.

This section would not be complete without mentioning Vishu, Aditya, Rohith,
Satish, Uday, KVN, Chetan, Jagadeesh, Raghuveer, and many more who have
been a constant in my life for the past 10+ years.

Finally, I would like to thank my parents, Aravinda and Subba Rao, and my
sister, Pranathi, for their unwavering support and for the sacrifices they made to

ensure I had the life and opportunities that led me here.



Declaration

I declare that this thesis was composed by myself, that the work contained herein
is my own except where explicitly stated otherwise in the text, and that this work
has not been submitted for any other degree or professional qualification except

as specified.

(Mohan Sai Teja Dantam)

vi



1

3

Contents

Introduction

1.1 Motivation . . . . . . ...
1.2 Scientific Context . . . . . . . . ... L
1.3 Model . . . . .
1.4 Objectives . . . . . . . .
1.5 Strategy & Computational Complexity . . . . . . .. .. ... ..
1.6 Contributions . . . . . . . . ...
1.7 Outline of the Thesis . . . . . . . .. .. ... ... ... .....

Notation
2.1 Preliminaries . . . . . . .. . . . .. ...
2.2 Bounds in Markov Chains . . . . . .. ... ... ... ......
2.2.1  Upper bound on the hitting time in the direction of drift .
2.2.2  Bounding the probability of going in the opposite direction
of thedrift . . . . . . .. ...
2.2.3 General Markov Chains . . . . ... ... ... ... ...

Approximating the Value of Energy-Parity Games
3.1 Overview . . . . . ..
3.2 Related Work & Contributions . . . . . .. ... ... . ... ...
3.3 The Main Result . . . . .. .. ... ... ... ...
3.4 Computing vald, (s) . . . . .. . . . ... ... ...
3.5 Computing the Upper Bound N . . . . .. ... ... ... ....
3.5.1 Computing N for maximizing MDPs . . . . .. ... ...
3.5.2 Computing N for SSGs . . . . . . ... ... ... ... ..
3.6 Unfolding the Game to Energy Level N . . . . . . ... ... ...

vii

O J O Ut =N ==

©

15
19

20
25



4 FDD Strategies for AS Energy-MeanPayoff in MDPs
4.1 Overview . . . . . ..
4.2 Related Work & Contributions . . . . . . . .. .. ... ... ...
4.3 The Main Result . . . . . .. ... ...
4.4 ProofofItem 1. . . . . . .. .. ...
4.5 Proofof Item 2. . . . . . .. ...
4.6 The Boundary of Finite Memory: Non-strict Objectives . . . . . .
4.7 The Lower Bound (Proof of Item 3.) . . . ... ... ... ....
4.8 Computational Complexity . . . . . . . . .. ... ... ... ...

5 Mean-Payoff Parity and Lifting Strategies

5.1 Overview . . . . . . ..
5.2 Related Work & Contributions . . . . . . .. .. .. .. ... ...
5.3 Lifting Strategies from MDPs to 2-Player

Stochastic Games for Shift-Invariant

Inverse-Submixing Objectives . . . . . . . ... ... .. ... ..
5.4 Strategy Complexity of MP > 0 N EPAR With Randomization . . .
5.5 Counterexamples for Lifting Randomized

Strategies . . . . . ..o

6 Summary & Outlook
6.1 Emnergy-Parity . . . . . .. ... oo
6.2 Energy-MeanPayoff . . . . . .. .. .. ... ...
6.3 Lifting and MeanPayoft-Parity . . . . . . .. ... ... ... ...

Bibliography

viii

49
49
20
23
o4
72
7
79
81

85
85
86

88
92

114

120
120
122
122

124



Chapter 1

Introduction

1.1 Motivation

Sequential decision making concerns with the setting where an agent or a program
is to repeatedly resolve non-deterministic choices to achieve a goal, possibly in
an optimal fashion if one exists. For example, consider a vacuum cleaner robot
trying to locate and pick up trash automatically in a room. We are interested in
the planning decisions that the robot makes and assume it is perfectly capable of
discerning rubbish from obstacles which are present on the floor. The path that
the robot takes ideally would be such that (i) it avoids all obstacles on the floor
and (ii) it travels the minimum distance to pick up all the trash so as to optimize
for the power consumption. Violating (i) or (ii) but already in this toy example,
one can see that there is more than one property we are interested in that we
have to simultaneously satisfy. Let’s take a simpler example of reaching a target
state in a weighted directed graph with minimum cost. This can be thought of as
an abstraction for taking the shortest path to go home from work. Once again,
notice that we really have two properties that we are interested in, (i) reaching
the target state and (ii) minimizing the cost.

In both of the above examples, once a decision control is fixed, we assume
certainty about what happens next. This is clearly not always the case because
the agent is part of a bigger environment whose state one cannot always predict.
This leads us to include stochasticity into the model. Not only that, but in the
second example it could be that there is only a single narrow road and there
is another person whose house is in the same direction as yours, making this a

competitive process.
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In this thesis, we consider problems where the decisions will have to be taken
in the presence of an environment (random agent) and possibly an additional
adversarial agent. Furthermore, we deal with the case where the choice of non-
determinism is what edge to take from a vertex, i.e., the arena is a finite graph
where some vertices are controlled by the player. We have more than one property
that we are interested in satisfying.

More precisely, the models we look at are finite-state Markov Decision Pro-
cesses ([Put94]) and 2-player turn based stochastic games with perfect informa-
tion ([Con92]). We describe them in more detail. Before that, we look at some of

the broader applications of Algorithmic Game Theory.

1.2 Scientific Context

The mathematical frameworks and algorithms developed in this thesis are situ-
ated within a broader paradigm shift in Computer Science: the transition from
analyzing static, isolated computations to modeling dynamic interactions between
autonomous agents. While the technical contributions of this work focus on the
rigorous complexity analysis of stochastic games, the importance of these results
is best understood through the diverse applications of game theory in modern

computational systems.

The Success of Algorithmic Game Theory

Historically, Computer Science concerned itself with the efficient execution of
instructions by a single machine. However, the rise of the internet necessitated
a framework for analyzing systems where “correctness” is determined by the
equilibrium states of multiple self-interested entities [NRTV07]. Algorithmic
Game Theory (AGT) has since become a fundamental pillar for optimization,

with two prominent success stories demonstrating its real-world impact:

Mechanism Design and Auctions: Perhaps the most commercially
significant application of AGT is the design of auctions. This ranges from
the Generalized Second-Price (GSP) auctions that power online advertising
(e.g., Google AdWords), generating billions in revenue by incentivizing
truthful bidding [EOS07, Var07], to the combinatorial auctions used by

governments for allocating radio spectrum [Mil00].
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Matching Markets: Beyond monetary markets, AGT has revolution-
ized markets where money is repugnant or illegal. The theory of stable
matching has been successfully deployed to redesign the National Resident
Matching Program (NRMP) for doctors [Rot84] and to organize Kidney
FExchanges, where cycles of incompatible patient-donor pairs are matched to
save lives [RSU04].

Stochastic Games and Formal Verification

While the applications above typically focus on equilibrium (predicting how
rational agents will behave), the field of Formal Verification uses game theory
to establish correctness (guaranteeing how a system must behave). Here, the “game”
is played between a system (the controller) and its environment (the adversary).
When these environments exhibit uncertainty—due to sensor noise, random faults,
or market fluctuations—Stochastic Games and Markov Decision Processes
(MDPs) become the necessary modeling tools.

A central challenge in modern systems engineering is that real-world problems
are rarely mono-dimensional. An autonomous agent does not simply wish to reach
a target; it must do so while minimizing fuel consumption, avoiding unsafe regions,
and maximizing scientific return. This necessitates the study of Games and
MDPs with Multiple Objectives. Unlike single-objective optimization, multi-
objective settings require analyzing trade-offs to find Pareto-optimal strategies
or satisfying a conjunction of constraints (e.g., “maximize reward R subject to
energy constraint £”) [EKVY08, CMHO06].

Tools and Applications in Reliable Al

The practical application of these theoretical concepts is driven by mature soft-
ware tools. Probabilistic Model Checkers such as PRISM [KNP11] and
Storm [HJK*22| rely on the algorithmic foundations of stochastic games to
automatically verify quantitative properties of complex systems.

These tools are increasingly vital in the intersection of Formal Methods and Ma-
chine Learning. For example, techniques like Shielding use winning strategies
from stochastic safety games to monitor Reinforcement Learning (RL) agents,
overriding actions that would violate safety constraints [ABE'18]. By providing

the theoretical bounds and algorithms for these multi-objective games, this thesis
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supports the development of Al systems that are not only intelligent but provably

safe.

1.3 Model

We consider 2-player simple stochastic games on graphs. One way to look at this
graph is as an abstraction of some transition system. The vertex set is partitioned
into 3 sets, one for each player O and ¢ and remaining vertices belong to the
environment O. The game starts at some vertex and continues for infinite duration.
When the play is at some vertex, the player to whom that vertex belongs chooses
the edge. If the vertex is a chance node, then an edge is chosen with predefined
distribution. After infinite time, both players get a payoff based on the infinite
run and the valuation of a given objective on this infinite run. We assume that
the game is zero-sum, i.e., any positive payoff for one player is a negative for
other. Since the graph is inherently stochastic, players want to maximize their
expected payoff. Because the game is zero-sum, maximizing your own payoff and
minimizing the adversary’s payoff are equivalent notions. So, we can consider a
single objective function which the players want to either maximize or minimize.
We call the players Max and Min using this point of view.

The above model is quite general and subsumes both Markov Decision Processes
(MDPs) and deterministic 2-player zero-sum games on graphs. Deterministic 2-
player games commonly occur in the synthesis for reactive systems [PR89, RW87].
Markov Decision Processes, which have applications in various fields [SB18, Sch02],
can be seen as games where one of the players has no vertices with a non-trivial
choice.

A further generalization of simple stochastic games is the case of concurrent
games [Shab3] where the vertex set is not partitioned and the next state depends
on the choice of both players who choose an action at every step. Although termed
here as a generalization, it would be historically more accurate to phrase simple
stochastic games as a simpler case of concurrent games. However, we do not
work with concurrent games, so stochastic games in this thesis always refer to

turn-based stochastic games.
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1.4 Objectives

We look at some commonly studied objectives for Games on Graphs. Most of the
objectives we consider can simply be defined as a subset of the set of all possible

infinite plays. The payoff function is 1 if it belongs to the subset, 0 otherwise.

Parity. Parity is a characterisitic objective. The states of the game are
assigned colors and an infinite run is accepted into the set iff the maximum color
occuring infinitely often in the run is even. Parity can also defined in terms of
minimum color and requiring that the color is odd instead of even. All definitions
are equivalent as one can simply change the coloring function to go from one
definition to another. It is expressive enough to express all w-regular objectives.
In fact, one of the standard approaches for synthesis for LTL specifications is
to construct an equivalent parity automaton and check for emptiness [BCJ18,
Section 3.7].

All the following objectives will be defined w.r.t some weight function on the

edges.

Discounted MeanPayoff. Given a discount factor 0 < v < 1, the payoff of
an infinite run is the y-discounted sum of weights on edges taken during the run.
A characterisitic version of this objective could be defined by considering a

threshold k£ and accepting a run iff the payoff is > or > k.

MeanPayoff. First considered by Gillette [Gil57], the objective is to maximize
the expected long term average reward. Since, the long term average is a limit
which may not exist, one usually considers either the limit infimum or limit
supremum as the payoff.

Similar to discounted meanpayoff, one could also define a characterisitic variant

of meanpayoff based on some threshold k.

Energy/ Termination. Introduced in [CDAHS03], energy objectives arise
out of the need for checking compatibility between different components of a
system each of which consumes and/or generates a certain resource. Compatibility
w.r.t the given resource would then imply that the system is self-sufficient in this

resource.
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In games with energy objective, the game starts with a given amount of initial
energy and transitions either modify this value by adding the weight on the edge.
The player tries to keep the energy level non-negative.

Viewed dually from the point of view of adversary, these can also be seen
as termination games [BBE10a], where the goal is to get rid of the resource

completely.

1.5 Strategy & Computational Complexity

We saw earlier that given a characterisitic objective, Max wants to maximize the
probability that the play belongs to the objective, while Min wants to minimize
this probability. This then leads to the question “Given an objective, what is the
best way to play?”. A ‘way to play’ or strategy for now can be understood roughly
as choosing an edge at every step where it is the player’s choice. On first glance,
it is not even clear that there has to be a best strategy as the payoff is dependent
on the entire infinite run. In fact, it turns out that for termination, there is no
best strategy [BBET10c| even in the case of MDPs. So, alternatively, one can ask
“Given 0, is there a strategy which guarantees Max a payoff of at least 6 against all
strategies of Min?” Deciding these questions and understanding the time and the
space taken by the best algorithm is fundamental to understand the hardness of
the objectives and models.

All the objectives we consider are sufficiently nice so that they are Borel
measurable and hence weakly-determined [MS03, Mar98]. This means, although
there might not be a ‘best’ strategy from a state s, there is a number v, such
that no strategy of Max can guarantee a payoff > v, + ¢ and no strategy of Min
can force a payoff < v, — ¢ for every € > 0. This can be thought of as follows:
While there may not be best strategies, both players can play something which s
arbitrarily close to it. These will be termed e-optimal strategies and finding an
algorithm which takes the minimum time to compute v, and these strategies is
also an important question considered in the literature.

From the definition of value, it is clear if there is some strategy for Max, which
achieves a payoff of at least v, against every strategy of Min, then it is a ‘best’
strategy for Max. Such a strategy will be termed as an optimal strategy. Deciding
the existence of optimal strategies is another question one could consider in this

context.
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If both players have best strategies, then it is easy to see that payoff for Max
would be equal to the value of the start state. When the value of a state is 1, and
is achieved by some Max strategy o, o is called an almost surely winning strategy
for Max. Dually, when the value of a state is 0, and this is achieved by some Min
strategy 7, it is an almost surely winning strategy for Min. These are important
to consider, since such a strategy guarantees the satisfaction of some properties,
irrespective of the randomness and the strategy of the other player. So one can
then ask Given a state, is there an almost surely winning strategy for Max or for
Min?

For all the questions above which also involve computing a strategy, one
could also ask questions about the ‘complexity’ of the computed strategy i.e.,
the memory required and whether the strategy has to randomized or the tradeoff
between memory and randomization. Finite memory strategies are usually defined
as automata which take the states as alphabet and output the edge to take if
it is the players’ turn. The rough definition of strategies we gave above, while
good as a starting point, doesn’t encompass all possible strategies. In fact, the
weak determinacy of Borel measurable objectives is only true if one considers
randomized strategies. Roughly speaking, at every turn of the player, the definition
is generalized so that the player can give a distribution on edges from the state
instead of choosing a single edge. The class of randomized strategies can express

behaviors which are otherwise not possible by deterministic strategies [MR22].

1.6 Contributions

We briefly summarize the main contributions of this thesis. More explicit descrip-

tion is provided at the beginning of the respective chapters.

Chapter 3: Approximating Energy-Parity. We present an algorithm to
approximate the value of a given configuration in games (Theorem 3.1). Moreover,
e-optimal strategies for either player require at most doubly exponential number

of memory modes in the case of unary rewards.

Chapter 4: Finiteness of Energy-MeanPayoff strategies. We show that fi-
nite memory suffices for almost surely winning strategies for the Energy-MeanPayoff

objective in Markov Decision Processes (Theorem 4.1). We show that exponential
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memory is sufficient (even for deterministic strategies) and necessary (even for

randomized strategies).

Chapter 5: Lifting for randomized strategies. We show a tight lower bound
of exponential memory blowup when lifting finite-memory strategies from MDPs
to stochastic games for shift-invariant inverse-submixing objectives (Theorem 5.2).
We show that optimal strategies for Meanpayoft-Parity only require a linear number
of memory modes, even though it is shift-invariant and inverse-submixing (The-
orem 5.5). A different lifting with orthogonal assumptions does not generalize to

randomized strategies (Proposition 5.23).

1.7 Qutline of the Thesis

Chapter 2 introduces some basic notation, definitions and results which are
common and used in all chapters. It also contains a section on some results in
Markov chains with rewards which is used in the proof of Lemma 4.11, but the
reason we include it here instead of in Chapter 4 is twofold. One, it is too long
and distracts from the main argument for the results there. Two, it could be of
independent interest.

The following three chapters start with an overview which briefly explains
the contributions in the chapter, followed by an introduction which contains any
additional preliminaries needed specific for the chapter, related work, and our
contributions. All the results are the product of close collaboration with
my advisor from the formation of initial idea to writing up the results.

Chapter 3 contains results about the computation and complexity for approx-
imating the value of a state for the Energy-Parity objective in stochastic games.
Along with this, we also compute e-optimal strategies for both players.

Chapter 4 looks at the Energy-MeanPayoff objective in MDPs, specifically the
strategy complexity for the almost surely winning strategies, and the computational
complexity of finding the set of almost surely winning states.

Chapter 5 looks at hypotheses which allow one to lift strategies from MDPs to
stochastic games and analyses the extension to randomized strategies. Additionally,
it also solves the strategy complexity for MeanPayoff-Parity in stochastic games.

Chapter 6 summarizes the results and looks at possible future research direc-

tions and questions to explore.



Chapter 2

Notation

2.1 Preliminaries

Let Z (resp. Z.,N,Q) denote the set of integers (resp. positive, non-negative
integers, rationals). The ‘size’ of an integer n or a rational ¢ = ™(ged(m,n) = 1) is
def

= [logy(In| + 1) +1

m| + [|n]| + 1. A probability distribution over a countable set S is a

defined in a natural way assuming binary representation. ||n|
def

and g
function f: S — [0,1] with > ¢ f(s) = 1. supp(f) = {s] f(s) > 0} denotes the
support of f and D(S) is the set of all probability distributions over S. If S is
finite and f(S) C Q, we define bit size of f to be bits(f) = 3, _¢(||f(s)[]). One
can extend this to probabilistic functions with rational probabilities of the form
p: S — D(T) when both S and T are finite by defining bits(p) = 3, _¢ bits(p(s)).

Games, MDPs and Markov chains. A Simple Stochastic Game (SSG)
is a finite-state 2-player turn-based perfect-information stochastic game G =
(S, (Sg, So, So), E, P) where the finite set of states S is partitioned into Sg(Max
states), So(Min states), and Sy(chance states). If S5 = () then it is called a
deterministic 2-player game. Let F C S x S be the transition relation. We write
s—s' if (s,5') € E and assume that Succ(s) = {s' | sEs'} # 0 for every state s.
The probability function P assigns each random state s € S a distribution over
its successor states, i.e., P(s) € D(Succ(s)). For ease of presentation, we extend
the domain of P to S*Sp, by P(ps) = P(s) for all ps € StS5. An MDP is a game
where one of the two players does not control any states. An MDP is mazimizing
(resp. minimizing) iff So = 0 (resp. S = 0). A Markov chain is a game with only

random states, i.e., Sp = So = 0.
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Strategies. A play is an infinite sequence sps; ... € S such that s;—s;1
{(si)ieN | Si—>3z‘+1}
denote the set of all possible plays. A strategy of the player O (<) is a function
o:5*Sy = D(S) (r: S*Se — D(S)) that assigns to every path ws € S*Sg

(€ S*Ss) a probability distribution over the successors of s. If these distributions

def

foralli > 0. A path is a finite prefix of a play. Let Plays(G) =

are always Dirac then the strategy is called deterministic, otherwise it is called
randomized. Strategies defined in this fashion are called behavioral strategies.
The set of all strategies of player O and < in G is denoted by g and Ilg, re-
spectively. A play/path sgs; ... is compatible with a pair of strategies (o, ) if
Si+1 € supp(o(sp...s;)) whenever s; € Sy and s;41 € supp(7(so ... s;)) whenever
s; € So.

An alternative way to define strategies is via Mealy Machines [Meab5]. In
this notion, a strategy for a player ® € {0, <} is a tuple 7 = (M, mg, upd, nxt)
where M is the set of memory modes, mq is the initial memory mode, the next/
successor function nxt: M x Sg, — D(S) chooses a (distribution over) successor
states based on the current memory mode and state and the update function
upd: M x E'— D(M) updates the memory mode upon observing a transition.

To convert a strategy 7: S*S. — D(S) given in functional form to a Mealy
machine, one can trivially consider M to be the set of all possible finite words S*.
The initial memory mode would then simply be the empty prefix ¢ and nxt will
be defined as nxt: (w, sg) — T(wse). The update function will be deterministic,
upd: (w, (s,s’)) = ws’. The mapping is only defined if the last state of w is s as
otherwise it is not possible to take an edge. For the other direction, one can refer
to [MR22]. As can be observed from the former conversion, when considering all
strategies, deterministic updates suffice.

We define finite-memory strategies w.r.t. Mealy machine definition. Finite-
memory strategies are a subclass of strategies which use a finite set M of memory
modes. Unlike the case for general strategies, randomized updates are strictly more
expressive than deterministic updates for finite- memory strategies [MR22]. The set
of all finite-memory Max (resp. Min) strategies in G is denoted by Z?(resp. H?)
Let 7[m] denote the finite-memory strategy 7 starting in memory mode m instead
of my.

Strategies with memory |[M| = 1 are called memoryless. Finite-memory
strategies with deterministic/ randomized next function and deterministic/ ran-

domized update function are called FDD, FRD, FDR, FRR, while memoryless
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deterministic (resp. randomized) strategies are called MD (resp. MR). In finite
memory strategies, the first D/R refers to randomization in the next function
and second D/R refers to randomization in the update function. This notation
is inspired from [MR22, Figure 1.1] and adapted to our setting since we do not
consider randomization over the initial memory mode.

Note that the definition by Mealy machines is not the only way to model
strategies and other possibilities such as decision trees [BCKT18], strategy ma-
chines [Gell4] etc. are also studied in the literature. Even in the Mealy machine
model, there are different classes which differ based on the information they take
as input [Kop08].

We are generally interested in the strategies of Max so whenever we talk about
a strategy and do not explicitly mention the player, it is assumed to be Max.

size of a strategy: When a general finite-memory strategy 7 is given by

(M, mg, upd, nxt), The size of 7 is defined as ||7|| = |M|. We are also interested
in the total bit size of the probabilities used in the strategies which use rational
probabilities. The total bit size in such case is defined as bits(7) = bits(nxt) +

bits(upd).

Measure. A game G with initial state sy and strategies (o, 7) yields a probab-
ility space (505%, F,, PY

0-77T7SO

) where F;, is the o-algebra generated by the cylinder
sets 5051 ... 5,59% for n > 0. The probability measure PY is first defined on the

o,7,80

cylinder sets. For p = sg.. .5y, let PY__ (p) =0 if p is not compatible with o, 7

0,7,80

and otherwise PJ . (pS¥) =17 7(s0 .- - - 8i)(si+1) where 7 is o or  or P depend-
ing on whether s; € Sy or S, or Si, respectively. By Carathéodory’s extension

theorem [Bil08], this defines a unique probability measure on the o-algebra.

Objectives and Payoff functions. General objectives are defined by real-
valued measurable functions v: 505* — R, and we write £(-) for the expectation
w.r.t. P and v. For event-based objectives, v is just the indicator function of a
measurable set of plays 0 C S¥, i.e., we consider the probability that plays belong
to 0.

An objective v is called shift-invariant iff for all finite paths p and infinite
plays p/ € S¥, we have v(pp’) = v(p’). It is called submizing iff for all se-
quences of finite non-empty words wug, wp, u1, w; ... we have v(ugwouiwy . ..) <

max (v(uguy . ..),v(wows ...)), and symmetrically, it is inverse-submizing iff we
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have v(ugwouiwy . ..) > min(v(upus . . .), v(wow; .. .)) [GK23].

Reachability. We use the syntax and semantics of the LTL operators [CGP99]
F (eventually) and G (always) to specify some conditions on plays. A reachability
objective is defined by a set of target states T'C S. A play p = sgs; ... belongs to
FT iff 3i € Ns; € T. Similarly, p belongs to FS"T (resp. F="T') iff 3i < n (resp.
i > n) such that s; € T. Dually, the safety objective GT consists of all plays
which never leave T'. We have GT = —-F-T.

Parity. A parity objective is defined via a bounded function Col: S — N
that assigns non-negative priorities (aka colors) to states. Given an infinite play
p = SoS1 ..., let Inf(p) denote the set of numbers that occur infinitely often in
the sequence Col(sg)Col(sy).... A play p satisfies even parity w.r.t. Col iff the
maximum ! of Inf(p) is even. Otherwise, p satisfies odd parity. The objective even
parity is denoted by EPAR(Col) and odd parity is denoted by OPAR(Col). Most of
the time, we implicitly assume that the coloring function is known and just write
EPAR and OPAR. Observe that, given any coloring Col, we have EPAR = OPAR and
OPAR(Col) = EPAR(Col + 1) where Col + 1 is the function which adds 1 to the
color of every state. This justifies to consider only one of the even/odd parity
objectives, but, for the sake of clarity, we distinguish these objectives wherever
necessary. For any subset 7" and color ¢, we denote by T'(c), states in T" with color
c.

Reward based objectives. Let r: E — {—R,...,0,..., R} be a bounded
function that assigns rewards to transitions. If s—s" and r((s,s")) = ¢, we
write s — §'. Let p = sg —+ s; —> ... be a play. Since edges in our case are
represented as pairs of states, we often write r(s, s’) instead of r((s, s’)) for ease

of notation. We say that p satisfies

1. The k-energy objective EN(k) iff (k + Z;:ol cz-) > 0 for all n > 0.

Cm

2. The [-storage condition if | + ZZ:T}L ¢; > 0 holds for every infix s,, —
Sm+1 - - - Sp, Of the play. Let STk, 1) denote the set of plays that satisfy both
the k-energy and the [-storage condition. Let STk) = |J,STk,1). Clearly,
STk) C EN(k).

3. k-Termination Term(k) iff there exists n > 0 such that (k + Sy e) <.

Lexists since Col is bounded
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4. Limit objective LimInf(>>z) iff (lim inf, oo Z?;ol Ci) > zfor> e {<, < =
,>,>} and z € RU {00, —oo} and similarly for LimSup(>z).

5. Mean payoff MP >c for some constant ¢ € R iff (lim inf, % Z?:_Ol cz-) > c.

Multidimensional reward-based objectives. For a d-dimensional real vector p,
let y; denote the i** component of p for 1 < i < d. Given two vectors p, v € R%,
~e{<, <, >, >, =} wesay p ~ v if u; ~ v; for every i. In particular, g > 0 means
that every component of p is strictly greater than 0. For a multidimensional reward
function r : E — [~ R, R]?, we can consider any boolean combination of reward
based objectives using any components of 7. For instance, 0; = EN; (k) NMPy(> 0)
denotes the objective that contains all runs that satisfy EN(k) in the 1% dimension
and MP(> 0) in the 2"¢ one. We denote conjunctions of the same objective across
different dimensions in vectorized form, with the dimension information in the
subscript. Therefore, ENjq,4(k) N MP[¢,q)(> ) denotes the runs where the EN;(k;)
objective is satisfied for each i € [a, b] and the MP,;(> x;) objective is satisfied for
each j € [c,d].

Sometimes, we also consider the complement of an objective 0 which will be
denoted by 0.

size of a game: The size of a game G with an objective 0 can be thought of as
the number of bits required to describe the states, transitions and probabilities
used by G along with the description of 0. Often, the objective will be implicit

from the context and we simply write ||G]||.

Determinacy. Given an objective v and a game G, state s has value (w.r.t
v) iff
sup inf £9_.(v) = inf sup £9_ (v).

o,m,8 o,m,8
cE€Yg wellg v wellg ocE€Sg ’

If s has value then val9(s) denotes the value of s defined by the above equality.
A game with an objective is called weakly determined if every state has value.
Stochastic games with Borel objectives are weakly determined [MS03, Mar98|.
Our objectives above are Borel, hence any boolean combination of them is also

weakly determined. For ¢ > 0 and state s, a strategy

1. 0 € Xg is e-optimal (maximizing) iff £9_(v) > val9(s) — ¢ for all 7 € Ilg.

o,T,S

2. m € Ilg is e-optimal (minimizing) iff £9_ (v) < val9(s) + ¢ for all o € Xg.

o,T,8
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A O-optimal strategy is called optimal. An MD strategy is called uniformly e-
optimal (resp. uniformly optimal) if it is so from every start state. Given an
event-based objective 0, an optimal strategy for player O from state s is almost
surely winning if vald(s) = 1.

By ASY(0) we denote the set of states that have an almost surely winning
strategy for O for objective 0. For ease of presentation, we drop subscripts and

superscripts wherever possible if they are clear from the context.

Attractors, Traps and Subgames. A non-empty set H C S defines a sub-
game iff for all s € H N Sy, Succ(s) € H and every state in H has at least
one successor in H. The resulting subgame which is well-defined is denoted by
G[H|. For a set T' C S, the positive attractor for player ® in game G, denoted
by Attre (7, G) is the set of states s where ® has a strategy to ensure that FT'
is satisfied with positive probability when starting from s. For any given 7T, the
positive attractor set and a uniform MD strategy 7ytr which satisfies this can
be computed in polynomial time. A set U C S is a trap for Min iff for every
Min/ random state in U, the successors are always in U and there is at least
one successor in U for every Max state. One can similarly define a trap for Max.
Note that by definition a trap for either player is a subgame. Also, for any set T,
S\ Attry(7,G) is a trap for © if it is non-empty.

Remark 2.1. For finite-state SSGs and the following objectives there exist optimal
MD strategies for both players. Moreover, if the SSG is just a maximizing MDP
then the set of states that are almost surely winning for Max can be computed in

polynomial time.
1. FT [Con92]
2. LimInf (> + o0), LimSup(> £ o0), MP >0 [BBE10a, Prop. 1]

3. EPAR [Zie9§]

Induced MDP. We sometimes consider situations where the strategy of one
of the players is fixed in advance. This results in a MDP of the other player. If
the strategy that is fixed also has memory, this results in an MDP whose states

also have the memory of the fixed strategy as part of the state. Formally,



Chapter 2. Notation 15

» Definition 2.2 (Induced maximizing MDP). Given a simple stochastic game G =
(S, (Sq, So,50), E, P) and a finite-memory (FR) strategy m = (M, mg, upd, nxt)
for Min let G, be the mazimizing MDP with state space M x (S W E) obtained by
fizing Min’s choices according to w. The transition rules —' and the partition of

the states in the derived MDP G, are given as follows.

1. Fvery state in M x E s a randomized state with

P'((m, (s,))) = upd((m, (s,5))) - 0.
i.e., Min determines the next memory mode.

2. If s € S, every (m, s) is a Maz state and for every s—s', m € M, we have

(m,s) —'(m, (s,s")), i.e., Max determines the successor state.

3. Similarly if s € Sy, every (m,s) is a random state and for every s—s',
m € M we have (m,s) —'(m,(s,s')) and P'((m,s))((m,s")) = P(s)(s),

i.e., transition probabilities are inherited.

4. If s € So, every (m, s) is a random state and for every s’ € supp(nxt((m,s)))
we have (m, s) —"(m, (s, s')) and P'((m,s))((m, (s,s"))) = nxt((m, s))(s'),

i.e., Min chooses the successor state according to nxt function of 7.

In the dual case where a FR strategy o for Maz is fized, we obtain a minimizing
MDP G°. The construction is the same as above, with the roles of Min and Max
swapped.

Given an infinite run p = sy — 51 —= ..., let X,,(p) = s, denote the n-th
state. Let Y}, be the sum of the rewards in the first n steps, i.e., Y, (p) = S0 ¢;.
These become random variables once an initial distribution and a strategy are

fixed.

2.2 Bounds in Markov Chains

This section shows some generic results for Markov chains with transition rewards.
We show bounds on the expected arrival time (aka first passage time) of situations
when the total reward reaches particular levels, under the condition that the total
reward is truncated to remain inside some interval [a,b]. E.g., the total reward

might hit the upper limit b many times (and be truncated there) before arriving
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at the lower level a for the first time. These bounds are later applied to Markov
chains obtained by fixing certain finite-memory strategies in MDPs, and they are
used in the proof of Lemma 4.11.

To establish these bounds formally, we rely on techniques from martingale
theory. For completeness and to fix our notation, we briefly recall the standard
definitions regarding filtrations, stopping times, and martingales in the context of
a probability space (Q, F,P).

» Definition 2.3 (Filtration). A filtration is a sequence of sub-c-algebras Fy C
F1 C .- CF. Intuitively, F, represents the accumulated information available at

time n.

» Definition 2.4 (Stopping Time). A random variable T : Q@ — N U {oo} is a
stopping time with respect to a filtration (F,)nen if for every n € N, the event
{T < n} isin F,. Equivalently, the decision to stop at time n is determined

entirely by the information available at time n (ie., {T' =n} € F,).

» Definition 2.5 (Martingale). A sequence of random wvariables My, My, ... is
a martingale with respect to a filtration (F,)nen if, for all n > 0, M, is F,-
measurable, £(|M,|) < oo, and

E(Myi1 | Fn) = M,.

» Theorem 2.6 (Optional Stopping Theorem). Let M be a martingale and T be
a stopping time with respect to a filtration F,. If P(T < o) =1 and one of the

following conditions holds:

1. T is bounded (i.e., there exists K such that T < K almost surely); or

2. E(T) < oo and there ezists a constant ¢ such that |M,+, — M,| < ¢ almost

surely (Bounded Increments); or

3. M is bounded (i.e., there ezists ¢ such that |M,| < ¢ almost surely);
then E(Mr) = E(My). Standard references include [Bil08].

In the specific setting of a Markov chain A with states X, X, .. ., we standardly
work with the natural filtration, denoted by F, = o(Xo, X1,...,X,). This o-
algebra captures exactly the history of the process up to time n. Since the
accumulated reward Y,, is a function of the path Xy...X,, it is strictly F,-

measurable. Moreover, our reward functions are bounded by a constant R,
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satisfying the bounded increments condition of Theorem 2.6 whenever the stopping
time has finite expectation.

Let A be a strongly connected Markov chain with state space S, one-step
transition probability matrix P and stationary distribution 7 > 0. Consider a
reward function on the edges r : F — [—R, R] (alternatively it can be seen as a
vector in [—R, R]¥) such that the average reward gained in the limit is positive,
peo, 1 E Y ucple r(e) >0 where f. = 71(s) - P(s)(s') denotes the long
term relative frequency of the edge e. We begin by defining some functions on S¥.
Let p = qoq1 . .. be a generic infinite word.

Recall that X,, denotes the state of a Markov chain at time n and Y,, is the
sum of the rewards until time n.

Let z;, denote the minimum occurring probability in A. The size of the
Markov chain with the reward structure ||.A4] is defined as the total number of

bits required to represent each state, edge, probability and reward in binary. We

assume that all the probabilities are rational and rewards integers. Let
aer 2|S|R

L
min

» Lemma 2.7. [BKK1/, Theorem 3.4]Let uy = > sresuce(s) P(8)(8') (s, s') be the

expected reward gained after taking an edge from state s. There exists v € [0, h]®

such that

(2.1)

u+Pr=v+1u

where 1 on the RHS is a vector of all 1’s.

» Fact 1. Let v be the vector from Lemma 2.7 and s be the start state, i.e.,

Xo =s. Then the sequence of random variables given by
MY, +u(X,) —nu
is a martingale for all s.

Proof. Let F,, be the natural filtration defined above. We need to show that
E(Mzy | Fn) = M. Recall that M3 =Y, + v(X,) — npu.

First, we expand the expectation of the next step M;_ ;. Note that Y, =
Y, 4+ (X, Xoi)-

5(M§+1 ‘ ]:n) =EYo1 +v(Xnt1) — (n+ Dp | F)
= S(Yn + T(Xna XnJrl) + V(Xn+1> —np—=p | fn)
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Since Y,, and X,, are F,-measurable, they act as constants in the conditional

expectation. We can pull the known terms out of the expectation:
EMiy | Fo) =Yo —np— p4 E(r(Xn, Xng1) + v(Xng) | X5)

We now evaluate the expectation of the jump, which depends only on the current

state X,,. By definition of the transition probabilities:

E(r(Xn Xop) +v(Xoa) | Xo) = Y PXa)() - (r(Xa, ') + ()

s'€Succ(Xy)

= Z P(X,)(s)r(Xn, s) + Z P(Xp)(s)v(s)

J/

UX, (Pv)(Xn)
By Lemma 2.7, we have the identity v+ Pv = v + 1u. Applying this to the state
X, yields uy, + (Pv)(X,) = v(X,) + u. Substituting this back into our derivation

for the conditional expectation:

E(M; | Fo) =Y, —np—p+ (v(Xn) + p)
=Y, +v(X,) —nu

Thus, the sequence satisfies the martingale property. <

Since the average mean payoff © > 0 is strictly positive, liminf, Y, = oo
almost surely. In the above setting, suppose that we bound the total reward
gained to lie in some interval [a, b] for some integers a < 0 < b, i.e., we define a

new sequence of functions inductively as follows.

vl &y, = ¢
Yn[%b] d:ef maX(aa min<bv YrEiJlﬂ + T(XTL—th) )) for n > 1

Considering the sequence Y% let 7.*" T, b[a’b] be the functions which denote
the first hitting time of the left boundary a and right boundary b respectively.
Clearly, ;1" <V, before T*" because the only possible difference is that Y,\*"
loses something when hitting the right border b. One of the advantages of JARURT
that it can be described using only a finite number of bits for any n, because of
its boundedness, whereas this is not the case for Y,,. This is useful in situations
where such an under-approximation suffices instead of remembering the exact

reward gained. However, the bounding of the reward also changes the behavior
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of Y,,. For example, the probability of Y,, falling below a infinitely often is zero,
i.e., P(GF(Y, < a)) = 0 for a positive mean payoff ¢ > 0. The same does not

!l which might fall below a infinitely often almost surely.

generally hold for Yn[

We want to show that (on average) Y1 hits the lower bound a much less
frequently than the upper bound b. That is, we derive a lower bound on the
expected time it takes to hit the lower bound a, and an upper bound on the

expected time it takes to hit the upper bound b.

Remark 2.8. Although we denote the functions by 7.*" Tb[a’b] and VY etc., note
that there is an implicit assumption that the initial sum is 0 which lies between a
and b. Therefore, the hitting times are actually parametrized by three numbers a,
b and z such that a < z < b given by T.*™", Tb[a’x’b], Yl But we continue to
represent with just the boundary points as all the functions are invariant under
translation i.e., TI*™" = Tg/’b/]— where ' = a — x and b/ = b — z. Moreover, for
a< T <To<b
TU[La,xl,b} < TO[La,wg,b}

Or in other form Ti:fl’b_zl] < Ta[a_;?’b_m] for all a < 21 < 29 <.

2.2.1 Upper bound on the hitting time in the direction of drift

Given an initial state s, let the random variable T, denote the first time Y,, is
>b>0.
Ty, < inf{n | Y, > b}. (2.2)

Since the overall drift is in the positive direction, i.e., p > 0, it is immediate
that the expectation of T is finite for every b. Also, the event T, = n can be
determined by looking at the first n steps of any run, so T, is a stopping time

w.r.t. the natural filtration of the Markov chain.
» Fact 2. For all states s and b > 0, Ty, is a stopping time and E,(T),) < oo.
Now we show some bounds on this expected stopping time.

» Lemma 2.9. For all states s and b > 0

b—h <& (T) < b+h+R
p 1

where h is the constant from Equation (2.1).
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Proof. Since £,(7}) < oo and the martingale M7 has bounded step size, (|M;, ;| —
M:| < 2R+ h) we can apply Theorem 2.6 to get

E,(My,) = E,(M;) = v(s)
Since 0 < v(s) < h, it follows that
0< ES(YTZ; + V(XTb> - Tb:“) < h.

Simplifying by using linearity of expectation and the fact that b < Y <b+ R
and 0 < v(Xr,) < h, we get

0<b+R+h—E&(T)u
b+0—E(Ty)p<h

Rearranging terms and noting that p > 0 yields the required bounds. <

Lemma 2.9 shows that, starting from any state, the expected time to hit any
upper total reward boundary b > 0 is asymptotically linear in b. To get the upper
bound for Tb[a’b], observe that (Yn < Yn[a’b]> | (Ty, > n) implying Tb[a’b] < T}. Hence

we obtain the following as a corollary.

» Corollary 2.10.

(7o) < LT

2.2.2 Bounding the probability of going in the opposite direc-
tion of the drift

We now derive an upper bound on the probability that the total reward ever falls
below some large negative number a < 0. This will be used later to derive the
required inequalities for 71",
Given a < 0, let the random variable T, denote the first time that the total
reward is < a.
T, < inf{n | Y, < a} (2.3)

Since the average reward p > 0 is positive, it is unlikely that Y,, ever hits
large negative numbers. The following lemma quantifies this intuition. Recall
that h = 2'}95“1% and let

min

n=Epu+h+R (2.4)

c= e’ (2.5)
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» Lemma 2.11. For all a < —h and states s we have

%)
A <€
PHT, < ) < T o

Proof. Observe that the consecutive terms of the sequence M differ by at most
n. Consider the event 7, = n. From our assumption a < —h we obtain that

a+ h <0, and thus

M = Mg = (Yo — Yo) + (v(X,) — v(Xy)) — np

<a+h—nu

< —np
Hence, using the Azuma-Hoeffding inequality, we obtain

7TL2H2 ;HQ n
P(T, = n) < P(M; ~ Mg < —npr) < e 30" = <e )

)
Since we have defined ¢ % e | we see that P(T, =n) < c". Since T, > [

SEY
_

we get that

|
E'EY
—

<

The above lemma provides a bound for the case of Y,, where the total reward
is unrestricted. It is exponentially more unlikely that Y,, ever drops as low as a
when a — —o0.

We need a lower bound on the expected time to hit the left bound a for
the bounded random variable ¥;/*" (since we are interested in a finite-memory
strategy). To do so, we first lower bound it by another variable which is simpler to

analyse. Recall that Tia’b} = inf {n | Yia’b} < a}. Define a new sequence of random

variables Y, *" inductively as follows.
Yol[a,b] _ Yo[a,b] —0
VI 4 (X1, X)) ifa< YV (X0, X)) < b (rule)
yleth= ¢ g if VI 4 (Xy, X)) > b (reset)
a if VI 4 (X1, X,) < a (hit)

Intuitively, the behaviour of Y, is similar to that of ¥, except when it

hits/exceeds b. Instead of clamping to b, Yri[a’b] ‘resets’ and behaves as if it is
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starting from the current state X,,. Let 74" denote the first time that Y;*" hits
the left bound a, i.e., T & inf{n | vt < a}.

> Claim 2.12. Foralln >0 and b > 0 > a we have Y,*% > /@t Consequently,
Tt > et

Proof. By induction on n.

In the base case n = 0 we have Yo[a’b} = Yol[a’b].

For the induction step let n > 0.

If Yé[f’lb] + r(X,_1,X,) > b then Yn[‘fli] + 7r(X,—1, X)) > b, by induction hypo-
thesis. Then Y =0 < b = y;/*¥],

Else if Yri[f’lb] +7(Xn_1,X,) < a, then vt = g <yt

Otherwise, we have a < Y% = Yé[f’lb] + r(Xn-1,X,) < b and by induction
hypothesis Y = v/ ¢ r(X, 1, X,)) < min(b, V" + r(X,_1, X,,)) = vii*".

<

To lower bound &, (T é[a’b]>, we split each run at the reset points (when b is
hit or exceeded) and evaluate the expected number of resets that happen before

[

hitting a. Formally, let Vj “*I be the random variable denoting the number of

resets before hitting a.

Té[avb]

Vet =y Lo xo 20)-

i=1 '
We analogously define the random variables Vet and V? for the non-primed

]

random variable Yn[a’b and the unbounded random variable Y,,, respectively.
For the argument to work, we have to space the bounds a and b sufficiently
far apart. In the rest of the section we assume that a < —h <0 <b.
. . . e a e b
Since the step size is bounded by R, the constants o = [%1 and g = (%1 are
universal lower bounds on the minimum time it takes to hit the left bound a and

the right bound b, respectively.

E(TI) = P (T > n)

n=0
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Since hitting a takes at least a > 0 steps, the probability P, ( T n) =1

for all 0 <n < a — 1. Thus, the summation can be simplified to

a+ Z P (T > n + a)
n=0
o p[-1

—a+zz73 T'“b] >j-f+k+a)
0 k=0

2a+26~735 (T > (j+1)- B+ a—1)

J=0

=a+) B8P > (j+1)-+a)

J=0

>a+ Y B-P(TIN > (j+1)-B+a AV >j+1)
=0

>a+ Y B-P,(VI >+ 1)

=0

where the last inequality is justified by the fact that resetting at least j + 1 times
implies that the time taken to hit the left bound a would be at least (j + 1) -5+ a.

> Claim 2.13. Let 0 < § < 1 and let ¢ be as in Equation (2.5). By choosing
a = min(—R[log,(6(1 — ¢))] + R — 1, —h) we obtain P, <Va/[a’b] = 0) < 6 for any
start state s. Moreover, it holds that P, ( Vet > J+ 1) > (1— 5)j+1.

Proof. From our choice of a and Lemma 2.11, it follows that PA(T, < oc0) <

5

1—c

Nab]

< §. Consider the event V = 0 when starting from s. This means

any run in this event doesn’t hit the reset transitions, which implies that the

a7b]

probability of this event doesn’t change when considering Y,, or V¥ instead of

the sequence Y, "

P, (Ve =0) = P, (Ve = 0) = P (V! = 0).

But the event V? = 0 is exactly equivalent to the event T, < T}, in A which further
implies that T, < oo in A. Therefore, we have that

P, (V1P = 0) = P (T, < Ty) < PMT, < 0) < 6. (2.6)

We can then prove the required claim by induction on j.
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Base case j = 0: P, (VL{[CL’H > 1> = P, <V;[a’b] > 0) =1-7P, (Va’[“’b] — 0> >
1 — 4, by Equation (2.6).
Induction step:
P (Vi 2 5 +2) = PV = 5+ 2,V > j 4 1)
=P, (VI > j 42| Vet > 54 1) P (VI > 54 1)

Let Té[?’b] denote the time taken for the j** visit to energy level b in A. It is clear
that T, b'[;l’b} is a stopping time for every j. Using strong Markov property, one can

simplify the above conditional probability to get the required result.
> (1= 8y S PV 2 2 | VI 2 1, X = )
b,j+1

s'es
(X = | Vi 2 +1)
_ (1 _ syt (V'abl > 1) . ( = fab] > 5 )
(1-9) Ze;gp (Ve > 1) . P, Xpon = | VI > j+1
> (1 _ 5)j+1 . Z(l — 5) P, (XTI;[‘?’I’]I — 4 Va/[a,b] >+ 1)
s’'eS It
= (1-05)y*?
<
Thus, we get that
E(TI) > £/(TI) > a+ ) B PV > j+1)
§=0
>a+) B-(1=6)"
j=0
1—90
=+ ﬂ T
1
=55+ 5, 2.7

We aim to make the interval [a, b] as small as possible (since later the size of
the memory in our strategies will be proportional to ||b — al|). Due to the different
influences of the parameters a and b, it is better to fix b as 1 and make a smaller

(more negative). Then, 8 will be equal to 1.

» Lemma 2.14. For 0 < 6 < 1 and a = min(—R[log.(6(1 —¢))] + R—1,—h)
we have

E(T) > < + [log,(5(1 - ¢))] — L.

ST
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Proof. Since b= 1 and |a| > R([log,(5(1 —¢))] —1)+ 1, 5=1and a = [&] >
[log.(d(1 — ¢))]. Substituting these values in Equation (2.7) gives the required
bound. <

As & — 0, the expected hitting time grows as ~ 3 = exp(log(1/0)), i.e.,

exponentially in log(%), whereas the memory = a required to achieve this lower

bound would be proportional to R(}Zé%ig) = QZQQR log(1/9), linear in log(1/4).

2.2.3 General Markov Chains

To get a lower bound on &, (Ta[“’b]> when A is not strongly connected, one has
to account for the time spent in transient states. Fortunately, the probability
to spend a large amount of time outside a BSCC falls exponentially and this
allows the analysis from the previous subsections to carry over with a minimal
increase in the size of the interval [a, b] required for general Markov chains. Assume
AS(MP(> 0)) = S, i.e., every BSCC of A has positive average mean payoff. Let
C C S denote all the recurrent states. Compute the constants ng, uag, cq, ha
from Lemma 2.11 for each BSCC G and let n, u, ¢, h be the maximum over all
BSCC’s. Let T denote the hitting time of some BSCC. For some positive integer
k, let Z) denote the event T < k. By the tower property, one has

E(TIM) = E(E(TI | 12,)) = E(TN | Zy) - P, (Z1) + E,(TD | Zy) - P(Zy).

Since we are only interested in a lower bound, we can ignore the low probability

event Zj, as T, 1ot g a non-negative random variable.
E(TIM) > E(TIY | Zy) - Py(Zy). (2.8)

If x50 is the minimum occurring probability in A, then let

def _xlriln

» Lemma 2.15. Let yin denote the minimum occurring probability in A outside

every BSCC. Then there exists 0 < g < 1 such that for all k > |5,

Proof. The proof is similar to [BKK14, Lemma 5.1]. Assume g, # 1 (the other
case is trivial P,(Z);) = 0). This implies ymin < 3. Let n = |S|. From any state s,
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there will be a path of length at most n — 1 to a state in C', = for all states s,
P.(Te < n) >yt >yr,. . Dividing the run into segments of length n — 1, one
gets
P.(Zy) = P(Tc > k)
< Py(Te = k)
k—1

1 k
e (oot 12)
n
n

From the above lemma, we get a lower bound on P,(Z) for k > n. Before

<

computing a lower bound on &, (Ta[“’b] ‘ Zk>, we choose a to be sufficiently negative

so that it is never the case that Tga’b] < k.

» Lemma 2.16. For any 0 < 6 < 1, choosing b =1 and

a = min(—R[log,(0(1 —¢))| + R—1,—h) — k- R

L0 | 2) 2 (b 1)+ (5 1) + Tow (301 = o)

Proof. Since Ty < k < T,*" | Z, Y}Z’b} > —k-R.
Let I = {(y,q) Vi) =y A Xp, = g AP, (YT[Z’I’] =y, X1 =¢q ‘ Zk) > O}
£ (1% | ) -

S (1| 20 oY = . X, =) P (V2 = X, — | )

(y,9)€l

Let E(y,q) denote the event Z; N Yj[f;’b] =y N Xp, =¢

E, (Tcga,b} | E(y, q)) =E,(Tc | E(y,q)) + gq (Tla:gy,bfg]>

> 5q (T[ﬂ@i,b%ﬂ])
> (1) (1) + owl(1 - ] (27)

Summing over all mutually exclusive events, one obtains the specified bound. <«

Using Lemmas 2.15 and 2.16, one gets the following result.
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» Lemma 2.17. For any k >n, 0 < < 1, with
a=min(—R[log,(6(1 —¢))] + R—1,-h)—k-Rand b =1

(T > (1-2-¢%)- ((k: +1)- (% — 1) + [log,(6(1 — c)ﬂ)

&Cﬁwvéhﬂ+ 2, laf+b+h+R

l—g %
where g and h are computable constants dependent only on A and ¢ depends on A
along with reward function r. Furthermore, ifro : E — {—R,...,0,..., R} is an
additional reward function with positive mean payoff of at least py in every BSCC,

then assuming & is small enough such that (|S| +1)- (3 — 1)+ [log(6(1—c))] > %

((vigw),) = [ (40 (5 1) + Now(6a = ) ] - 1= 2 -

2g
(1—-g)?

Proof. The first result follows from (2.8) and Lemmas 2.15 and 2.16.
]

To get the upper bound for Tb[a’b in general case, we simply add the expected
time it takes to reach a BSCC and upper bound the time it takes with the worst

possible YT[‘;’H(: a). Hence, by Lemmas 2.9 and 2.15

2 lal+b+h+R
-9 [

&™) < &(T0) +£,(TP) <I5]+ :

Finally, for the lower bound on gs<(YT[a,b]> ), it &, (Ti“’b]) = oo we are done
o’ /2
as 1o > 0 could be a lower bound in this case for achievable mean payoff making

& ((YT[a,b]) ) = 00, s0 assume &, (Tia’b]) < 00.
a' /g

S

By law of total expectation, partitioning based on whether Ty < Tia’b], we

& < (YTcEa’b] ) 2> =& ( (YT&G’H ) 2

+E, ((YTCEa,b])z ‘ Tladl > TC> P(T1Y > T,)

have

Tl < Tc> PTI < T)

We will now show lower bounds for each summand separately.
For 58<<YT[a,b]> ‘ Tt TC> - P, (Tga’b] < TC>, since 75(e) > —R always,
o’ /2

gs((YT[a,b]> ‘ T(ga,b] < TC) > -R-E&, (Tia,b] ‘ TCEa,b] < TC)
2

a
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E (T | TP < To) - P(TIY < T¢)

o
=Y m-P (T =m | TI* < T¢) - P (T < Te)

and then using above inequality and (2.2.3)
29
(1-9)*

For the other summand, we split the sum into two parts; sum of rewards gained

< ( (YTW’1> ‘ it < Tc) P(TI < T) > —R-
a 2

S

until T¢ i.e.,, until one reaches a BSCC and sum of rewards inside a BSCC. Let
T < T _ To denote the time spent inside a BSCC and (Yr), denote the sum
of rewards inside the BSCC before hitting a. Then by linearity of expectation

€5<(Y w) ‘ Tladl > TC> P(TIY > Tp) =
2

Ta

E((Vro)y + (Vo) | T3 > Te) - P (T3 > Te)  (2.10)

For (Yr,),, one can follow a similar structure to that of the previous summand.
So we first find an upper bound on &, (TC ‘ Tia’b] > TC> P, (Tia’b] > Tc>

&

S

(Tc | T > To) - P(T > Te) < £,(Tc)  Since T > 0

Thus
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]

To calculate expectation for (Y7),, we condition on the energy level YT[Z’Z’ w.r.t

r and the state in which we enter the BSCC. Suppose Yj[f;’b] =y and X7, = q.
But conditioned on Y}ac’b] =yN Xg, =qn T > Ty T is precisely Tia__yy’b_y]

with Xg = ¢

55 ((YT)Q

Tl > Te N Xp, = ¢ N (Y}Z’”)l = y) = Eq((YT[afy,bme ) T> 0)

a—y

()

Also assume the mean payoff w.r.t ry in this BSCC is some A > ps > 0. Since T’
is a stopping time with finite expectation (as per our assumption), we can apply

optional stopping theorem to the martingale of ro c¢f. Fact 1.
m, = (Yn)y + v(Xn) — nA
where the index n is actually counted from 7. This implies

mgT = mgo
(Yr)y +v(Xp) = TA = v(q)
(YT)2 = T)\ + V(Q) — V(XT>
>Tpa—h
— £,((Yr)y) = E,(T) s — h = &,(TI ) i =

Therefore, partitioning over all possible tuples (g, y)

E((Yr), | T = Te) - P (T3 = Tc)
>3 (&,(TI ™) o = k) P (T > To 0 X, = g (Vi) = v)

(g,9)

When Vj* > —k . R, then &, (Tg‘i;y’b*y]> > (k+1) - (= 1) + [log,(3(1 — ¢))]
using Equation (2.7). Observe that this event subsumes T < k, so probability of
this happening is > 1—2¢" by Lemma 2.15. In the other case when Y, < —k- R,
a trivial lower bound of 0 for &, (Tia__yy’b_y]) suffices for our purposes. Since from
our assumption, § is small enough so that (|S| 4+ 1)- (3 — 1)+ [log.(6(1—¢))] > u%’
putting it all together we have

E((Yr), | TV > T¢) - P (T > T¢)

s

> (1) (1) + o600 = T = 1) - (1= 24) — -2
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(- (5-1)+ ﬂogc(5(1_— ) 1) - (12~ ).

<



Chapter 3

Approximating the Value of
Energy-Parity Objectives in Simple

Stochastic Games

3.1 Overview

In this chapter, we look at the problem of approximating the value of states in
stochastic games with energy-parity objective. One player (Max) gets a payoff of
1, if they never run out of energy while simultaneously satisfying the qualitative
parity condition. In Section 3.3, we state the main results and describe the proof

idea. The results are as follows.

1. c-approximating the value of an energy-parity game can be done in 2-

NEXPTIME when the rewards for the energy objective are given in unary.

2. Computing the e-optimal finite strategies for either player can also be done
in 2-NEXPTIME with unary rewards.

3. The above strategies are deterministic and use memory doubly exponential

in the size of the game and log(1/e) with unary rewards.

The emphasis on unary rewards is primarily historical, inspired by the work on
approximating termination in one-counter stochastic games [BBEK13], where
unary updates were considered. The dependency on the size of the game in each
of the above results increases by an exponential if the rewards are assumed to

be given in binary. To show this, we first compute the limit value of a state

31
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as the initial energy tends to oo in Section 3.4. This value turns out to be
equal to the value of what we call the ‘Gain’ objective. Along with the value,
we also compute optimal deterministic strategies for both players. While for
Min, the optimal strategy can be chosen memoryless, we show that for Max,
finite but exponential memory is both necessary and sufficient when considering
deterministic strategies. Once we have these limit values, given ¢, we show in
Section 3.5, how to compute a number N such that the value of EN(N) N EPAR is
e-close to the value of Gain from every state s. This is done by first computing
this bound in maximizing MDPs( Section 3.5.1) which is then lifted to a bound in
general stochastic games( Section 3.5.2). In MDPs, we give an exponential bound
on N, when the rewards are in unary. There is an additional exponential blowup
in the case of games as the strategies for Max computed in Section 3.4 could be
exponential. Finally, Section 3.6 is concerned with computing the strategies and

values for the parity objective in the unfolded game until energy level N.

Contributions. The results in this chapter are based on [DM23] published
at MFCS 2023.

3.2 Related Work & Contributions

Energy-parity. We consider SSGs with energy-parity objectives, where plays need
to satisfy both an energy and a parity objective. The parity objective specifies
functional correctness, while the energy condition can encode efficiency or risk
considerations, e.g., the system should not run out of energy since manually
recharging would be costly or risky.

Much work on combined objectives for stochastic systems is restricted to
Markov decision processes (MDPs) [CD11a, CD11b, BKN16, MSTW17].

For (stochastic) games, the computational complexity of single objectives is
often in NP N coNP, e.g., for parity or mean-payoff objectives [Jur98b]. Multi-
objective games can be harder, e.g., satisfying two different parity objectives leads
to coNP completeness [CHPO7].

Stochastic mean-payoff parity games can be solved in NP N coNP [CDGO14].
However, this does not imply a solution for stochastic energy-parity games, since,
unlike in the non-stochastic case [CD10], there is no known reduction from energy-

parity to mean-payoff parity in stochastic games. The reduction in [CD10] relies
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on the fact that Max has a winning finite-memory strategy for energy-parity,
which does not generally hold for stochastic games, or even MDPs [MSTW17]. For
the same reason, the direct reduction from stochastic energy-parity to ordinary
energy games proposed in [CD11a, CD11b] does not work for general energy-parity
but only for energy-Biichi; cf. [MSTW17].

Non-stochastic energy-parity games can be solved in NP N coNP (and even
in pseudo-quasi-polynomial time [DJL18]) and Max strategies require only finite
(but exponential) memory [CD10].

Stochastic energy-parity games have been studied in [MSTW21], where it was
shown that the almost-sure problem is decidable and in NP N coNP. That is,
given an initial configuration (control-state plus current energy level), does Max
have a strategy to ensure that energy-parity is satisfied with probability 1 against
any Min strategy? Unlike in many single-objective games, such an almost-surely
winning Max strategy (if it exists) requires infinite memory in general. This holds
even in MDPs and for energy-coBiichi objectives [MSTW17].

However, [MSTW21] did not address quantitative questions about energy-
parity objectives, such as computing/approximating the value of a given configur-
ation, or the decidability of exact questions like “Is the value of this configuration
>k 77 for some constant k (e.g., k = 1/2).

The decidability of the latter type of exact question about the energy-parity
value is open, but there are strong indications that it is very hard. In fact, even
simpler sub-problems are already at least as hard as the positivity problem for
linear recurrence sequences, which in turn is at least as hard as the Skolem problem
[EvdPSWO03]. (The decidability of these problems has been open for decades; see
[OW15] for an overview.) Given an SSG with an energy-parity objective, suppose
we remove the parity condition (assume it is always true) and also suppose that
Max is passive (does not get to make any decisions). Then we obtain an MDP
where the only active player (the Min in the SSG) has a termination objective,
i.e., to reach a configuration where the energy level is < 0. Exact questions about
the value of the termination objective in MDPs are already at least as hard as
the positivity problem [Pir21, Section 5.2.3] (see also [PB20, PB23]). Thus exact
questions about the energy-parity value in SSGs are also at least as hard as the

positivity problem.
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Our contributions. Since exact questions about the energy-parity value in
SSGs are positivity-hard, we consider the problem of computing approximations
of the value. We present an algorithm that, given an SSG G and error €, computes
e-close approximations of the energy-parity value of any given configuration in 2-
NEXPTIME. Moreover, we show that e-optimal Max (resp. Min) strategies can be
chosen as deterministic and using only finite memory with O (2-EXP(||G]|) - log(2))
memory modes. One can understand the idea as a constructive upper bound on
the accuracy with which the players need to remember the current energy level
in the game. (This is in contrast to the result in [MSTW17] that almost-surely
winning Max strategies require infinite memory in general.) Once the upper bound
on Max’s memory for e-optimal strategies is established, one might attempt a
reduction from energy-parity to mean-payoff parity, along similar lines as for
non-stochastic games in [CD10]. However, instead we use a more direct reduction
from energy-parity to parity in a derived SSG for our approximation algorithm.

In our constructions we use some auxiliary objectives. Following [MSTW21],
these are defined as Gain = LimInf(> —oc) N EPAR and Loss = Gain =
LimInf(= —oo) U OPAR.

3.3 The Main Result

The following theorem states our main result.

» Theorem 3.1. Let G = (5, (Sg, So, S0), E, P) be an SSG with transition re-
wards in unary assigned by function v and colors assigned to states by function
Col. For every state s € S, initial energy level i > 0 and error margin € > 0, one

can compute

1. a rational number v' such that 0 < v’ — ValgN( < e in 2-NEXPTIME.

1

i) NEPAR (s)

2. e-optimal FDD strategies 0. and w. for Max and Min, resp., in 2-NEXPTIME.
These strategies use O(2-EXP(||G]|) -log(%)) memory modes.

For rewards in binary, the bounds above increase by one exponential.

"'We write “computing a number v’ in 2-NEXPTIME” as a shorthand for the property that
questions like v' < ¢ for constants ¢ are decidable in 2-NEXPTIME.
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Note that the complexity bounds in Theorem 3.1 are independent of the initial
energy level 7. This is because our algorithm computes e-optimal strategies for all
energy levels at once. As we will see in the proof, the construction produces a
single strategy structure, based on unfolding the game up to a computed bound
N and switching to a limit strategy thereafter that is valid for any starting energy.
As a result, the encoding of the initial energy level is immaterial.

We outline the main steps of the proof; details in the following sections. We

begin with the observation that EN(i¢) C EN(j) for ¢ < j, and thus for all states s

we have valgN(imEpAR(s) < valgN(ijpAR(s) < 1. So lim,, valgN(nmEPAR(s) exists.
We define
def 5.
Lval9(s) = nh_fgo ValgN(n)ﬂEPAR<S)' (3.1)

We will see that Lval9(s) and vald

Gain
Lemma 3.8) and val§

Gain

(s) are in fact equal (a consequence of
(s) can be computed in nondeterministic polynomial time
(Theorem 3.4). Intuitively, for high energy levels, the precise energy level does
not matter much for the value.

The main steps of the approximation algorithm are as follows.

1. Compute FDD strategies o*(s) that are optimal maximizing for the objective
Gain starting from state s in G. Compute an MD strategy n* that is
uniformly optimal minimizing for the objective Gain. Compute the value

vald . (s) for every s € S. See Section 3.4.

2. Compute a natural number N such that for all s € S and all i > N we have

0 < valgy,(s) — ValgN(i)ﬁEPAR(S) <e.

N will be doubly exponential. See Section 3.5.

3. Consider the finite-state parity game G’ derived from G by encoding the
energy level up-to N into the states, i.e., the states of G’ are of the form
(s,k) for s € S and 0 < k < N, and colors are inherited from s. Moreover,

we add gadgets that ensure that states (s, N) at the upper end win with

probability va1¥,;,(s) and states (s, 0) at the lower end lose. By the previous
item, valg,; (s) is e-close to valgN(NmEPAR(s). Thus, for k£ < N we can &-

approximate the value v = valgN(k) epan(8) by v/ = vald o ((s, k). fk > N

. def
we can e-approximate v by v = vald (s).
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Moreover, we obtain e-optimal FDD strategies o. for Max (resp. 7. for Min)
for EN(k) N EPAR in G. Let 6 (resp. 7) be optimal MD strategies for Max
(resp. Min) for the objective EPAR in G'. Then o. plays as follows. While
the current energy level j (k plus the sum of the rewards so far) stays < N,
then, at any state s', play like & at state (s, j) in G’. Once the energy level
reaches a value > N at some state s’ for the first time, then play like o*(s')
forever. Similarly, 7. plays as follows. While the current energy level j (k
plus the sum of the rewards so far) stays < N, then, at any state s', play
like 7 at state (s',j) in G’. Once the energy level reaches a value > N (at

any state) for the first time, then play like 7* forever. See Section 3.6.

As a technical tool, we sometimes consider the dual of a game G (resp. the
dual maximizing MDP of some minimizing MDP). We denote the dual of G by
Gl = (S,(Sh, S5, 55), E', P') with the complement objective EN(k) N EPAR =
Term(k) U OPAR, where G? is simply the game with the roles of Max and Min

reversed, i.e.,
S =9 St =S % = Sp St =56 E'=F P =P

Hence ¥gis = IlIg and Ilga = ¥g. It is easy to see that for any objective 0 and

start state s
1. vald(s) + valgd(s) = 1.

2. o is e-optimal maximizing for 0 in G iff it is e-optimal minimizing for 0 in
G’
3. 7 is e-optimal minimizing for 0 in G iff it is e-optimal maximizing for 0 in
G’
So approximating the value of EN(k) N EPAR in G can be reduced in linear time
to approximating the value of Term(k) U OPAR in G°.

3.4 Computing vall, (s)

Gain

Given an SSG G = (5, (Sg, S0, S0), E, P) and a start state s, we will show how
g

to compute valg,;,(s) and the optimal strategies for both players.
We start with the case of maximizing MDPs. The following lemma summar-
izes some previous results ([MSTW21, Lemmas 30,16], [MSTW17, Lemma 26],

[GOP11, Proposition 4]).
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» Lemma 3.2. Let M be a maximizing MDP.

1. Lval™(s) = val}/

Gain

(s) for all states s € S.

2. Optimal strategies for Gain in M exist and can be chosen FDD, with at
most O(exp(||M||°Y)) memory modes, and exponential memory is also

necessary.

3. For any state s € S, Lval™(s) is rational and can be computed in O(|| M ||®)
deterministic polynomial time if rewards are in unary, and in NP and coNP

if rewards are in binary.

Proof. Item 1. holds by [MSTW21, Lemma 30].

Towards Item 2., we follow the proof of [MSTW21, Lemma 16]. Since
Gain = LimInf(> —oo) N EPAR is shift-invariant, there exist optimal strategies
by [GH10]. By [MSTW17, Theorem 18] and Item 1., an optimal strategy for
Gain can be constructed as follows. Let A = |J,yAS (STk) NEPAR) and B =
AS (LimInf(= oo) N EPAR) be the subsets of states from which there exist almost
surely winning strategies for the objectives STk) NEPAR and LimInf(= oco) N EPAR,
respectively. By [MSTW17, Theorem 8], we can restrict the values k in the
definition of A by some &' = O(|S| - R), i.e., A = {J,<,» AS (STk) NEPAR). An
optimal strategy ¢ for Gain works in two phases. First it plays an optimal strategy
or towards reaching the set A U B, where og can be chosen MD by Remark 2.1.
Then, upon reaching A (resp. B), it plays an almost surely winning strategy o4
for the objective STk) N EPAR (resp. op for the objective LimInf (= oco) N EPAR).
By [MSTW17, Theorem 8], the strategy o4 requires O(k - |S|) memory modes
for a given k and thus at most O(|S|? - R), since we can assume that k& < /.
Towards the strategy op, we first observe that in finite MDPs a strategy is
almost-surely winning for LimInf(= oo) N EPAR iff it is almost-surely winning
for MP >0 N EPAR. By [GOP11, Proposition 4], there exist optimal deterministic
strategies for MP >0 N EPAR that use exponential memory, i.e., O(exp(||M]|M))
memory modes. The memory required for op exceeds that of og and o4 (even
when R is given in binary), and the one extra memory mode to record the switch
from og to o4 (resp. op) is negligible in comparison. Thus, we can conclude that
o uses O(exp(||M||°M)) memory modes. [GOP11, Fig. 1 and Prop. 4] shows that
exponential memory is necessary.

Towards Item 3., let d = |C'ol(S)| be the number of priorities in the parity
condition. By [MSTW17, Lemma 26], for each s € S, Lval™(s) is rational and
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can be computed in deterministic time O(|E|-d- [S|*- R+d-|S[>® - (|| P| + ||r|)?)
(and still in NP and coNP if R is given in binary). So Lval™(s) can be computed
in O(||M|[®) deterministic polynomial time if weights are given in unary, and in

NP and coNP if weights are given in binary. <

In order to extend Lemma 3.2 from MDPs to games, we need to link the
value of a state s in the game G to its value in the induced maximizing (resp.
minimizing) MDP when fixing a possibly optimal Min (resp. Max) FR strategy =
(resp. o). The following lemma is straightforward from the definition of induced
MDP and the fact that infimum (resp. supremum) is at most (resp. at least) any

number in the set.

» Lemma 3.3. For every SSG G, objective 02 and Min (resp. Max) FDD strategy
7 = (M, mg, upd, nxt) (resp. o), from state s we get val{ ((mg,s)) < val§(s) <
vald~((mg, s)) and equality holds if T (resp. o) is optimal from state s.

» Theorem 3.4. Consider a SSG G = (S,(Sq,S¢,50), E, P) with the Gain

objective.

1. Optimal Min strategies exist and can be chosen uniform MD.

g

Gain

2. valy

Gain(S) is rational and questions about it, i.e., valg,;,(s) < ¢ for constants

¢, are decidable in NP,

3. Optimal Maz strategies exist and can be chosen FDD, with O (exp(||G||°™))

memory modes. Moreover, exponential memory is also necessary.

Proof. Towards Item 1., observe that since both the objectives LimInf(= —o0)
and OPAR are shift-invariant and submixing, so is their union, i.e., Gain is shift-
invariant and submixing. Hence, by [GK23, Theorem 1.1], an optimal MD strategy
m: for Min exists from any state s € S. Since S is finite and Gain is shift-invariant,
we can also obtain a uniformly optimal MD strategy «*, i.e., 7* is optimal from
every state.

Towards [tem 2., consider the maximizing MDP G« obtained from G by fixing
m*. Since 7* is MD, the states of G,+ are the same as the states as G. Since 7*
is optimal for Min from every state s, we obtain that vald,, (s) = val§m (s) for

every state s by Lemma 3.3. By Lemma 3.2, the latter is rational and can be

2Technically, the objective should change to accommodate for the change in the state space
of the induced game but we denote it by the same symbol
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computed in polynomial time for weights in unary (resp. in NP and coNP for
weights in binary). Thus, by guessing 7*, we can decide questions valg,, (s) < c¢
in NP.

Towards Item 3., we again use the property that Gain is shift-invariant and
submixing (see above). By [MSTW21, Theorem 6, Def. 24|, optimal FDD Max
strategies for Gain in an SSG require only |Ss| - [log(|E|)] many extra bits of
memory above the memory required for optimal Max strategies in any derived MDP
M where Min’s choices are fixed. Hence, by Lemma 3.2, one can obtain optimal
FDD Max strategies in G that use at most 2/5°IMe(EDT . O (exp(||M||CD)) =
O(exp(||G]|°Y)) memory modes. The corresponding exponential lower bound on

the memory holds already for MDPs by Lemma 3.2. <

3.5 Computing the Upper Bound N

We show how to compute the upper bound N, up-to which Max needs to remember
the energy level, for any given error margin ¢ > 0. Similarly as in Section 3.4,
we first solve the problem for maximizing MDPs and then extend the solution to
SSGs.

3.5.1 Computing N for maximizing MDPs

Given a maximizing MDP M = (S, Sy, S5, F, P) and € > 0, we will compute an
N € N such that for all s € S and all j > N

0< Val'I/‘\;Irm(j)UOPAR<S) —val{y (s) <e.

Loss

Recall that Loss = LimInf(= —oo) U OPAR. We now define the sets of states Wy =
AS (Loss), Wi = AS (LimInf(= —oc)) and W, = AS (OPAR). By Remark 2.1,
there exist optimal MD strategies for LimInf(= —o0) and OPAR. Since Loss is
shift-invariant and submixing, there exists an optimal MD strategy for it by
[GK23, Theorem 1.1].

» Lemma 3.5. For every state s in the MDP M we have
1. Wi UW, C W,
2. Va‘lFWU(S) S ValLoss(S>

3. val (s)=0

OPARNF Wo
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4. for every initial energy level j > 0

Val (rern(j)UopaR) N F o (s) = valg Wo (s) (3.2)

ValLoss(s> < ValTerm(j)UOPAR(S) < ValLoss<S) + sup 7Do-,s (Term(j) nF Wl)

(3.3)
Proof.
1. This follows directly from the definitions of Wy, Wy, Ws.

2. Let ¢’ be an optimal MD strategy for F W, from s and ¢” be an almost
surely winning MD strategy for Loss from any state in Wj. Let o be the
strategy that plays ¢’ until reaching Wy and then switches to ¢”. We have
valp .. (s) > P, (Loss) > PU,’S(F Woy) = valpy, (s).

3. For s € W, the statement is obvious. So let s ¢ Wy and consider the
modified MDP M’ = (S’,S’D,S’O,E’,P’) where all states in Wy are col-
lapsed into a losing sink. Le., S = (S \ W) & {trap}, with trap a new
random sink state having color 0 (thus losing for objective OPAR), E’ con-
tains all of (E N {(S\ Wa) x (S\ Wa)} U (trap, trap)) and all transitions to
Ws are redirected to trap and P’ is derived accordingly from P. Then

vali . (8) = valM (8) for all states § € S\ W,. Towards a contra-

OPARN FWW>

diction, assume that valé\;‘ARmF—%(s) > 0. Hence val}},;(s) > 0. Then, by
[GH10, Theorem 3.2], there exists a state s’ € " such that valj,(s') = 1,
and it is easy to see that s’ # trap and thus s’ € S\ Ws. But this implies

that val)d(s') = 1 and thus s’ € W, a contradiction.

4. Let 0 = Term(j) U OPAR. For (3.2), the first inequality valynew,(8) <
valgy, (s) is trivial, since 0 N F Wy € FW,. To show the reverse inequality,
consider the strategy o that first plays like an optimal MD strategy o’
for the objective F W, and after reaching W, switches to an almost surely

P, (0N FWy) > P, (Loss N FWy) =P, (FWy) = valpy, (s), where the

second inequality is due to LimInf(= —o0) C Term(j).

winning MD strategy o” for the objective Loss. Then valy gy, (s) >

For (3.3), the first inequality is again due to the fact that LimInf(= —o0) C
Term(j) for all 7 > 0. Towards the second inequality of Equation (3.3) we
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have

valgy(s)

= sup 73078(0)

=sup (P,,(0 N FWy) + P, (0 N Fy)) (Law of total probability)
< Sl;p P,.(0 N FWy) + sgp P,.(0 N FWy) (sup(f+g) <supf+supg)
= sup P, ,(FW,) +sup P, (0 N FW) (Equation (3.2))

< valpe(s) +sup P, (0 N F W) (Item 2.)
We can upper-bound the second summand above as follows.

sup P,.(0 N FWy)
+((Term(j) U OPAR) N FW¥j)
».s(Term(j) N FW) +sup P, ,(OPAR N FW;)  (Union bound)
< sup P, (Tern(j) N FW}) +supP, ,(OPAR N FW5)  (Item 1.)
Al

Term(j) N FWW)) (Item 3.) <

We show that the term sup, P, ,(Term(j) N FW;) in Equation (3.3) can be
made arbitrarily small for large j. To this end, we use [BBEK13, Lemma 3.9]

(adapted to our notation).

» Lemma 3.6. [BBEK13, Lemma 3.9 and Claim 6] Let M = (S, S, S0, E, P)
be a mazimizing finite MDP with rewards in unary and Wi = AS (LimInf (= —00)).
One can compute, in polynomial time, a rational constant ¢ < 1, and an integer
h > 0 such that for all j > h and s € S

o
“1l-c
Moreover, 1/(1 — c) € O (exp(|[M||°V)) and h € O(exp (|| M]||°D)).

supP o(Term(j) N FW;) <

» Lemma 3.7. Consider a mazimizing MDP M = (S,S5g,5,E,P), € > 0
and the constants c,h from Lemma 3.6. For rewards in unary and ¢ > N we
have valTem( yuorar(8) — valM (s) < e where N < max(h, [log,(c - (1 —¢))]) €
O (exp(|M[°D) - log(1/<).

For rewards in binary we have N € O (exp(exp(||[M[°D)) -log(1/e)), i.e.,

the size of N increases by one exponential.
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Proof sketch. For rewards in unary, the result follows from Lemma 3.5(Equa-
tion (3.3)) and Lemma 3.6. For rewards in binary, the constants increase by one

exponential via encoding binary rewards into unary rewards in a modified MDP.

Proof. By Lemma 3.5(Equation (3.3)) and Lemma 3.6, we have

Cl

1—-c

M M
ValTerm(i) U OPAR<8) o ValLoss

(s) < sup P, (Term(i) N FW;) <

for all i > h and s € S. To obtain a bound N > h with f—ivc < g, it suffices to

choose
N = max(h, [log,(c - (1 —¢))]).

We observe that log,(¢- (1 —¢)) = —In(e- (1 —¢)) - (—In(c)™h).

However, —In(c) = —In(1—(1—¢)) > (1—c¢). Thuslog,(¢- (1 —¢)) <In(}-&)-
1. For rewards in unary, by Lemma 3.6, we have 1/(1 —¢) € O (exp(|M|°M))
and h is only O(exp(||M||°M)). Thus N € O (exp(||M[|°D) -log(1/e)).

Now consider the case where rewards are given in binary. Following the proof
of [BBEK13, Lemma 3.9], the bounds are derived from the size of solutions of the
constructed linear program. While the MDPs in [BBEK13] only consider unary
rewards from {—1,0,1}, one can extend it to the case where the rewards come
from the set {—R,...,0,..., R} in a natural way. This affects the complexity of
the above computed constants and thereby size of N. More precisely, the proof
of Lemma 3.6 can be split into three steps. Firstly, given an MDP M construct a
new “rising” MDP M’. Then from this derived M’, construct a linear program.
From the solutions of constructed LP, compute the required ¢ and h. We evaluate
the effect of having non-unary rewards in each of these steps.

When rewards are given in unary, the resulting M’ has overall size |[M'|| <
10]|M|*. More exactly, |S’] < 10 % |S|?> % (|S]| + |E|) and similarly for |E’|. When
the rewards are given in binary, the construction results in an additional R? factor.
So the resulting M’ is pseudo-polynomially big when compared to M in our case.

The constructed LP (cf. [BBEK13, Fig.1]) has S’ + 2 variables (zs for each
state, x for the mean payoff and ¢ for converting the constraint x > 0 to = > §).
Moreover all variables can be assumed non-negative. The number of constraints
is bounded by E’ + 1. Furthermore all the constants appearing in the constraints
are either constants in the original MDP M or 1 or 0.

Finally, from an optimal solution of the LP (z,, x, ) one can

> and to get ¢, then take a rational over-approximation

2
—X
compute exp (—2'(%“ TR
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and also take h as | zmax | where zpax & max,ecy 7s —Mingeg z5. The only difference
compared to the unary rewards case here is that the one-step change of the
submartingale is bounded by 2z + * + R instead of 2z +  + 1.

From the complexity point of view, both the construction of the LP and
the computation from its optimal solutions aren’t affected by changes in the
rewards, i.e., the previous bounds for ¢, h and N in terms of ||[M’|| still hold.
In particular, ¢ € O (exp(l/Z”MIHO(l)>), h € O(exp(||M'||°D)) and thus N €
O (exp([|M'[|°M) -log(1/e)) by [BBEK13, Claim 6].

While previously, M’ is only polynomially larger than M, introducing binary
rewards blows up the construction (cf. [BBEK13, Appendix A.2]). As a result we
have that ||[M'|| € O(QHM”O(U). Therefore N can be doubly exponential in the
size of the original MDP M, i.e., N € O (exp(exp([|[M|°D)) - log(1/e)). <

3.5.2 Computing N for SSGs

In order to compute the bound N for an SSG G, we first consider bounds N (s)
for individual states s and then take their maximum. Given a state s, we can use
Theorem 3.4(Item 3.) to obtain an optimal FDD strategy (with O(exp(||G||°™"))
memory modes) o*(s) = (M, mg, upd, nxt) for Max from state s w.r.t. the Gain
objective. Theorem 3.4(Item 1.) yields a uniform MD strategy 7* that is optimal

for Min from all states s w.r.t. the Gain objective.

» Lemma 3.8. Given an SSG G = (S,(Sg, S0,50), E, P) and € > 0, we can
compute a number N € N such that for all i > N and states s € S we have

valdy (5)—¢ < valfy,(s)—¢ < inf P s (EN(D) N EPAR) < valfy o eoy(s)
(3.4)

i.e., 0*(s) is e-optimal for Max for EN(i) N EPAR for all i > N. In particular,

i) NEPAR

0 < valg,.(s) — ValgN(imEpAR(s) <e.

Moreover, m* is e-optimal for Min from any state s for v > N.

sup Pgﬂ*78(EN(i) N EPAR) < sup 735’:”*75(Gain) = valgain(s) < valgN(imEpAR(s) +e
’ 0 (3.5)

For rewards in unary, N is doubly exponential, i.e.,

N € O(exp(exp(]|G]|°M)) - log(1/e)) and it can be computed in exponential time.

For rewards in binary, the size of N and its computation time increase by one

exponential, respectively.
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Proof. Assume that rewards are in unary. The first inequality of (3.4) holds
because EN(i) N EPAR C Gain for any i. The third inequality of (3.4) follows from
the definition of the value. Towards the second inequality of (3.4), we consider
the minimizing MDP M(s) = G°*(®) obtained by fixing the Max strategy o*(s).
Since 0*(s) is optimal for Max from state s w.r.t. the objective Gain, Lemma 3.3
yields that

vald, (s) = valit® ((mg, ). (3.6)

Gain
Since o*(s) has O(exp(||G||°")) memory modes, the size of M(s) is exponential
in |G| and M(s) can be computed in exponential time.
Now we consider the dual maximizing MDP M (s)? and the objectives Term(i) U
OPAR and Loss. (Note that M(s)? has the same size as M(s).) From Lemma 3.7,
we obtain a bound N(s) € N such that for all i > N(s)

0 <valM®’  ((mo,s)) — vali®((my, s)) < e. (3.7)

Term(z) U OPAR Loss

By Lemma 3.7 and Lemma 3.6, N(s) is exponential in ||M(s)¢|| and thus doubly
exponential in [|G|], i.e., N(s) € O (exp(exp(||G||°™)) - log(1/e)). Moreover, N (s)
can be computed in time polynomial in || M(s)¢|| and thus in time exponential
in ||G||. By duality, we can rewrite Equation (3.7) for M(s) as follows. For all
i > N(s)

M(s
0 < valgl (Mo, 5)) — valh geas((Mo. 5))

Gain (3‘8)
<e.

def

In order to get a uniform upper bound that holds for all states, let N
max,es N(s). Since |S|is linear, we still have N € O (exp(exp(||G||°™M)) - log(l/s))
and it can be computed in exponential time in ||G||. Finally, we can show the

second inequality of (3.4).

111f73 (EN(z) N EPAR)

o*(s),m,s

— inf Pw) (EN(i) N EPAR)

(mo,s)
M(s
= valg (())OEPAR((m(]’S))
> valGal(n)((mo, s))—e¢ by i > N > N(s) and Equation (3.8)
= vald,,(s) — ¢ by (3.6)

The first inequality of (3.5) holds because EN(i) N EPAR C Gain for any 7. The
equality in (3.5) holds by the optimality of 7*. The second inequality of (3.5)

follows from the previously stated consequence of (3.4).
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For rewards in binary, the sizes of the numbers N(s) (and hence N) and the

time to compute it increase by one exponential by Lemma 3.7. <

3.6 Unfolding the Game to Energy Level N

Given an SSG G = (5, (Sg, So, So), F, P) and error tolerance € > 0, for each state
s € S and energy level i > 0, we want to compute a rational number v which
satisfies 0 < v/ — valgN(l.mEPAR(s) < ¢, and e-optimal FDD strategies o, and 7, for
Max and Min, resp. We achieve this by constructing a finite-state parity game G’
that closely approximates the original game G, as described in Section 3.3(Item 3.).

For clarity, we explain the construction in two steps. In the first step, we
consider a finite-state parity game G[N]. (Unlike G’, the game G[N] is not actually
constructed. It just serves as a part of the correctness proof.) G[N] encodes
the energy level up-to N + R (where R is the maximal transition reward) into
the states, i.e., it has states of the form (s, k) with & < N + R. It imitates the
original game G until energy level N + R, but at any state (s,i) with energy

level ¢ > N it jumps to a winning state with probability valgN(l.) (s) and to

N EPAR

a losing state with probability 1 — ValgN(i)ﬁEPAR

N + R, because transitions can have rewards > 1, so the level N might not be hit

(s). (We need the margin up-to

exactly.) Similarly, at states (s,0) with energy level 0, we jump to a losing state.
The coloring function in the new game G[N] derives its colors from the colors in

the original game G, i.e., all states (s, i) have the same color as s in G.

» Definition 3.9 (Definition of G[N]). We present formally the definition of the
game G[N], which unfolds the energy level in G until N

G[N] = (S[N], (Sa[N], So[N], So[N]), E[N], P[N])
where

1. S[N] “ 3 x {0,..., N + R} W {Swin, Siose }, the set of states is the tuple with
the game state and energy level until N + R as the maximum change in a
single step is R and since we are only interested in enerqgy levels < N, it

suffices to consider till N + R.

2. So[N] &« Se X {1,..., N}, both players control their respective states until
energy level N. FEvery state with energy > N becomes a chance node.

Consequently,
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9. So[NTZE Sy x {1,...,N}US x {0,N+1,...,N + R} U{Syin, Siose}, since
the Max loses when the energy level becomes < 0, we make these states as a

chance vertex which go to a losing loop.
4. EIN], P[N]

(a). For 0 <i < N, (s,i)—(s',max(0,7)) iff s 2% o € E, this is Just
simulating the transitions of the game until energy level N and taking
care of border cases. When energy drops below 0, we move to level O
as there is no difference. When it shoots above N, it cannot go beyond

N + R and thus the transition is well defined.
(b). If s € So above, then the probability is carried over.
(¢c). (8,0)—>S10se With probability 1.

(d). (s, N + k)—>Syin with probability valgN(NJrk)mEPAR(s) and with remain-

ing probability moves to Sise for 1 <k < R

(€). Siose—S10se With probability 1. Similarly for Syin.

By construction of G[N], for i < N, the EPAR value of (s,i) in G[N] coincides

; g
with valyy ) epan(S)-

In the second step, since we do not know the exact values valgN(i) for

N + R >i> N, we approximate these by the slightly larger valy,; (s). Le., we

g
EN(¢) N EPAR

ﬂEPAR(S>

modify G[N] by replacing the probability values val (s) for the jumps to
the winning state by valy,; (s). Let G’ be the resulting finite-state parity game.
It follows from Lemma 3.8 that 0 < val§,,,(s) — ValgN(i)ﬂEPAR(S) <efori >N

and Lval¥,  gan(s) = vall

Gain

(s). Thus G’ e-over-approximates G[N] and G, and

we obtain the following lemma.

» Lemma 3.10. For all states s and all0 <3 < N

G[N]

valgpg ((s,1)) = valgN(i)mEpAR(s), and

0 < valf((s, ) — valgm((s,1) <.
Now we are ready to prove the main theorem.

» Theorem 3.1. Let G = (5, (Sg, So,S0), E, P) be an SSG with transition re-
wards in unary assigned by function v and colors assigned to states by function
Col. For every state s € S, initial energy level i > 0 and error margin € > 0, one

can compute
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1. a rational number v' such that 0 < v’ — valgN( (s) < e in 2-NEXPTIME.

3

i) NEPAR

2. e-optimal FDD strategies 0. and w. for Max and Min, resp., in 2-NEXPTIME.
These strategies use O (2-EXP(||G]|) -log(%)) memory modes.

For rewards in binary, the bounds above increase by one exponential.

g

Proof. For i > N we output v = valg,;,(s), which satisfies the condition by
Lemma 3.8. For i < N we output v’ = val%,((s,)), which satisfies the condition
by Lemma 3.10. By Theorem 3.4, the values val¥,, (s) are rational for all states
s. Therefore all probability values in G are rational and thus the EPAR values of

all states in G’ are rational. Hence our numbers v’ are always rational.
g

By Theorem 3.4, the values valg,;,(s) for all states s € S can be computed in
exponential time. By Lemma 3.8, N € O (exp(exp(||G||°™)) - log(1/¢)) is doubly
exponential. Therefore, we can construct G’ in O (exp(exp([|G[°1")) - log(1/e))
time and space. Questions about the parity values of states in G’ can be decided
in nondeterministic time polynomial in ||G’||. Thus the numbers v’ are computed
in 2-NEXPTIME.

Towards Item 2, we construct e-optimal FDD strategies o, for Max (resp. 7.
for Min) for EN(¢) N EPAR in G. Let & (resp. ) be optimal MD strategies for Max
(resp. Min) for the objective EPAR in G, which exist by Remark 2.1. Since these
strategies are MD, they can be guessed in nondeterministic time polynomial in
the size ||G'||, and thus in O (exp(exp(||G[|°™)) - log(1/¢)) nondeterministic time.

Then o. plays as follows. While the current energy level j (i plus the sum
of the rewards so far) stays < NN, then, at any state s, play like ¢ at state
(s',7) in G’. Once the energy level reaches a value > N at some state s’ for
the first time, then play like 0*(s’) forever. (Recall that o*(s") is the optimal
FDD Max strategy for Gain from state s’ from Section 3.5.2.) o, is e-optimal
by Lemma 3.10 and Lemma 3.8. It needs to remember the energy level up-
to N while simulating 6. Moreover, o*(s') needs O(exp(||G||°")) memory
modes by Theorem 3.4. Finally, it needs to remember the switch from & to
o*(s'). Since N € O (exp(exp([|G[|°™M)) - log(1/¢)) dominates the rest, o. uses
O (exp(exp(||G[|°™)) - log(1/e)) memory modes.

3We write “computing a number v’ in 2-NEXPTIME” as a shorthand for the property that
questions like v’ < ¢ for constants ¢ are decidable in 2-NEXPTIME.
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Similarly, 7. plays as follows. While the current energy level j stays < N, at
any state §', play like 7 at state (s/,j) in G’. Once the energy level reaches a value
> N (at any state) for the first time, then play like 7* forever (where 7* is the
uniform optimal MD Min strategy for Gain from Section 3.5.2.) 7. is e-optimal
by Lemma 3.10 and Lemma 3.8. While 7* is MD and does not use any memory,
7. still needs to remember the energy level up-to N while simulating 7, and thus
it uses O (exp(exp(]|G[|°™")) - log(1/e)) memory modes.

For rewards in binary, all bounds increase by one exponential via an encoding

of G into an exponentially larger but equivalent game with rewards in unary. <

No nontrivial lower bounds are known on the computational complexity of

. However, even without the parity part, the problem

approximating valgN(i) repar(S)

appears to be hard. The best known algorithm for approximating the value of
the energy objective (resp. the dual termination objective) runs in NEXPTIME
for SSGs with rewards in unary [BBEK13].

As for lower bounds on the strategy complexity, e-optimal Max strategies
need at least an exponential number of memory modes (for any 0 < & < 1) even
in maximizing MDPs. This can easily be shown by extending the example in
Lemma 3.2(Item 2.) and [GOP11, Fig. 1 and Prop. 4] that shows the lower
bound for the Gain objective. First loop in a state with an unfavorable color to
accumulate a sufficiently large reward (depending on ¢) and then switch to the
MDP in [GOP11, Fig. 1 and Prop. 4] to play for Gain (since EN(i) N EPAR will
be very close to Gain then). Even the latter part requires exponentially many

memory modes.



Chapter 4

Finite-memory Strategies
for Almost-sure Energy-MeanPayoff
Objectives in MDPs

4.1 Overview

This chapter is concerned with the strategy complexity of almost surely winning
strategies for the energy—meanpayoff objective in maximizing MDPs. We prove
that finite-memory strategies suffice for almost surely winning energy— meanpayoft,
1.€., the reward on the transitions is multidimensional, and the objective is to satisfy
energy on the 1% dimension and positive meanpayoff in the remaining dimensions.
The strategies we construct are deterministic and require at most exponential
memory. We also prove the corresponding lower bound: there is a family of MDPs
for which any almost surely winning strategy, even with randomization, needs
exponential memory. Since strategies are exponential, the time for any algorithm
to synthesize them is also at least EXPTIME in the size of MDP, but for the simpler
problem of computing the almost surely winning set of states, we show a pseudo-
polynomial upper bound. In Section 4.3 we state the three results and provide a
proof sketch for the existence of finite-memory almost surely winning strategies.
Each of the next three sections then deals with the proof of one result. Section 4.4
is for proving that finite memory suffices for almost surely winning strategies. The
proof is by a contradiction argument which constructs a finite-memory almost
surely winning strategy from a state assuming it has an infinite memory strategy

but no finite-memory winning strategy. This is the most technical and complex
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part of this chapter and proof of this result almost also gives the exponential
upper bound result which is the topic of Section 4.5. Section 4.6 discusses a
counter example showing that general strategies are strictly more powerful than
finite-memory strategies for the non-strict version of energy—meanpayoff objective.
Then, in Section 4.7 we show the matching lower bound even for strategies that
use randomization. Finally, Section 4.8 discusses the computational complexity
for deciding the existence of an almost surely winning strategy from a state and

we prove that it is decidable in pseudo-polynomial time.

Contributions. The results in this chapter are based on [DM24] published
at ICALP 2024.

4.2 Related Work & Contributions

The existence of almost surely winning strategies for MeanPayoff-Parity in MDPs
is decidable in polynomial time [CD11la]. These strategies require only finite
memory for MeanPayoff > 0 [GOP11], but infinite memory for MeanPayoff > 0
[CD11a].

The existence of almost surely winning strategies for Energy-Parity in MDPs
is decidable in NP N coNP and in pseudo-polynomial time [MSTW17]|. (The
NP N coNP upper bound holds even for turn-based stochastic games [MSTW21].)
Almost surely winning strategies in MDPs require only finite memory in the
special case of Energy-Biichi [CD11a], but infinite memory for Energy-co-Biichi
and thus for Energy-Parity [MSTW17]. Nevertheless, we follow a similar proof
technique of giving an alternating strategy first which uses infinite memory and
truncating the strategy to get a finite-memory strategy which is still winning
for Energy-MeanPayoff. In some sense, the reason why truncation works for
MeanPayoff and not for Parity can be thought of as strictly positive MeanPayoft
behaving more like a Biichi objective i.e., you can always choose to ignore it for
a little while and you will still be winning. Recall that e-optimal strategies for
Energy-Parity also require only finite (at most doubly exponential) memory, and
the value can be effectively approximated in doubly exponential time (even for
turn-based stochastic games) Theorem 3.1. However, the strategy structure differs
to the one in this chapter.

The Energy-MeanPayoff objective is similar to Energy-Parity, but replaces the
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Parity part by a strict MeanPayoff objective for a second reward dimension. l.e.,
one considers an MDP with 2-dimensional transition rewards, where the Energy
condition applies to the first dimension and the strict MeanPayoff condition applies
to the second dimension. (It can be generalized to higher dimensions d, where
the strict MeanPayoff condition applies to all dimensions 2,3,...,d.) This might
look like a direct generalization of the Energy-Parity objective, since Parity games
are reducible to MeanPayoff games [Pur95, Jur98al. It is important to note that
the reductions described in both [Pur95] and [Jur98a] work for both strict and
non-strict MeanPayoff objectives although traditionally the reduction is cited for
the non-strict case. However, this reduction does not work in the context of these
combined objectives when one considers stochastic systems like MDPs; see below.

In [BFRR17], the authors consider the problem of strategy synthesis for
beyond worst case (BWC) MeanPayoff. The BWC-MeanPayoff can be stated as
looking for a strategy which surely achieves a mean-payoff > 0 and on expectation
achieves a mean-payoff > v > 0. The approach and the objective bear some
resemblance to the Energy-MeanPayoff. Firstly, since Energy is a safe objective,
almost surely satisfying it is the same as satisfying it surely, therefore we are also
looking for a strategy which surely satisfies Energy and almost surely satisfies
strict MeanPayoff. Furthermore, the synthesised strategy in [BFRR17] alternates
between two different strategies, each prioritising one part of the problem, similar
to 0315 2,2, I Section 4.4. However, the BWC-MeanPayoff asserts both the
conditions on the same dimension and asks for achieving a certain expected mean-
payoff instead of almost surely satisfying a threshold condition on the mean-payoff.
It is well known that maximizing the expected mean-payoff and maximizing
the probability that the mean-payoff is strictly positive do not necessarily go
hand in hand [CKK17]. It is also interesting to observe that while in the BWC-
MeanPayoff setting, infinite memory strategies are strictly more powerful than the
finite memory ones [BFRR17, Section 4.11], it is not the case for almost surely
winning strategies for Energy-MeanPayoff Section 4.4. But the finite-memory
strategies, when they exist, only require a pseudo-polynomial number of memory
modes for the BWC-MeanPayoff problem. In contrast, exponential memory is
required for the strategies in this chapter Item 3..

[CR15] extend the BWC setting to multiple dimensions. They consider MDPs
with d-dimensional rewards, where d = d; + ds. The objective requires a strictly

positive mean-payoff surely in the first d; dimensions, and an expected mean-
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payoff > v in the remaining ds dimensions. This objective is strictly stronger than
Energy-MeanPayoff. E.g., a MeanPayoff of zero in the first dimension may or may
not satisfy the Energy objective, but it never satisfies the objective in [CR15].

Non-stochastic Energy-MeanPayoff games have been studied in [BHRR19].
This is the closest to our problem with the only difference being the arena/ model.
It is interesting to note that finite memory (exponential) strategies suffice even
in this case, although the proof follows by reduction to multidimensional energy
games [JLS15]. They also show that in games with only a single player pseudo-
polynomial memory suffices. To the best of our knowledge, it is an open question
as to whether exponential memory is necessary for the winning strategies.

The objective studied in [BKN16] aims to maximize the expected MeanPayoff
(rather than the probability of it being strictly positive) while satisfying the
energy constraint. However, unlike in our work, the reward function has a single
dimension (i.e., both criteria apply to the same value) and e-optimal strategies

can require infinite memory.

Our contribution. We consider the Energy-MeanPayoff objective in MDPs
with d-dimensional rewards. The first dimension needs to satisfy the Energy
condition (never drop below 0), while each other dimension needs to have a strictly
positive MeanPayoff. We show that almost surely winning strategies for Energy-
MeanPayoff require only finite memory. This is in contrast to the Energy-Parity
objective where almost surely winning strategies require infinite memory in general
[MSTW17, Page 4] (even for the simpler Energy-co-Biichi objectives). This also
shows that Energy-Parity is not reducible to Energy-MeanPayoff in MDPs, unlike
the reduction from Parity to MeanPayoff in [Pur95, Jur98a).

Our results do not carry over to Energy-MeanPayoff objectives with non-strict
inequalities where one just requires a MeanPayoff > 0 almost surely. As we
demonstrate in Section 4.6, this requires infinite memory even for the case of
d=2.

We show that almost surely winning strategies for Energy-MeanPayoft, if they
exist, can be chosen as deterministic strategies with an exponential number of
memory modes. The crucial property is that it suffices to remember the stored
energy only up to some exponential upper bound. A small counterexample shows
the corresponding exponential lower bound. Even for randomized strategies, an

exponential number of memory modes is required, and this holds even for the case
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of small transition rewards in {—1,0,+1}.
Although almost surely winning strategies are ‘exponentially large’ in this

sense, their existence is still decidable in pseudo-polynomial time; cf. Section 4.8.

4.3 The Main Result

» Theorem 4.1. Let M = (5,55,50,E,P) be an MDP with d-dimensional
rewards on the edges v : E — [—R,R|%. For the multidimensional Energy-
MeanPayoff objective ENy (k) N MPg.q(> 0) the following properties hold.

1. The existence of an almost-surely winning strategy implies the existence of

an almost-surely winning finite-memory strateqy.

2. Moreover, a deterministic strategy with an exponential number of memory

modes is sufficient.

3. An exponential (in ||P||) number of memory modes is necessary in general,

even for randomized strategies, even for |S| =5, d=2 and R =1.

In the following three sections we prove items 1.,2..3. of Theorem 4.1, respect-
ively.

Here we sketch the main idea for the upper bound. Except in a special
corner case where the energy fluctuates only in a bounded region, almost-surely
winning strategies for Energy-MeanPayoff can be chosen among some particular
strategies that alternate between two modes, playing two different memoryless
strategies. This alternation keeps the balance between the Energy-part and
the MeanPayoff-part of the objective. This is similar to almost-surely winning
strategies for the Energy-Parity objective in [MSTW17]. In one mode, one plays a
memoryless randomized strategy that almost surely yields a positive mean payoff
in all dimensions (in case of Energy-Parity, instead of mean payoff it satisfies
Parity almost surely). This is called the Gain phase. Whenever the energy
level (the cumulative reward in dimension 1) gets dangerously close to zero, one
switches to the other mode and plays a different memoryless strategy that focuses
exclusively on getting the energy level up again, while temporarily neglecting the
other part of the objective (Parity or Mean payoff, respectively). This is called a
Bailout. Once the energy level is sufficiently high, one switches back to the Gain

phase again. The crucial property is that, except in a null set, only finitely many
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Bailouts are required, and thus the temporary neglect of the second part of the
objective does not matter in the long run. Such a strategy uses infinite memory;,
because it needs to remember the unbounded energy level. For Energy-Parity
(and even Energy-co-Biichi) this cannot be avoided and finite-memory strategies
do not work [MSTW17]. However, for Energy-MeanPayoff one can relax the
requirements somewhat. Suppose that one records the stored energy only up to
a certain bound b, i.e., one forgets about potential excess energy above b. In
that case, one might have to do infinitely many Bailouts with high probability,
most of which are unnecessary (but one does not know which ones). However,
for a sufficiently large bound b, these superfluous Bailouts occur so infrequently
that they do not compromise the MeanPayoff-part of the objective. The critical
part of the proof is to show this property and an upper bound on b. Once this is
established, one obtains a finite-memory strategy, because it suffices to record the
energy level only in the range [0, b] (plus one extra bit of memory to record the
current phase, Gain or Bailout).

Note that the argument above is different from the one that justifies finite-
memory e-optimal strategies for Energy-Parity in Chapter 3. These also record
the energy only in a bounded region, but stop doing Bailouts after the upper
bound has been visited. I.e., they do too few Bailouts, and thus incur an e-chance
of losing. In contrast, our almost-surely winning strategies for Energy-MeanPayoff
rather do too many Bailouts, but sufficiently infrequently such that they don’t

compromise the objective.

4.4 Proof of Iltem 1.

W.l.o.g., we assume that every state in M has an almost surely winning strategy
for Energy-MeanPayoff for some initial energy level. (Otherwise, consider a
def

suitably restricted sub-MDP.) For conciseness, we denote the objective by 0(k) =
ENi (k) N MPi2,q)(> 0). Let

win(s) = {k | s € AS(0(k))}, 4s = min(Win(s))

denote the possible initial energy levels and the minimum initial energy level such
that one can win almost surely from state s. In particular, i, is well defined by
our assumption on M.

Towards a contradiction, assume that not all configurations are winnable with
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def

a finite-memory strategy. Le., let Wing(s) = {k | s € AS#(0(k))} denote the energy
levels from which one can win almost surely with a finite-memory strategy from s,
and assume that there is a state s’ such that i, ¢ Win; (ST). We then construct
a finite-memory winning strategy from s’ for 0(i ), leading to a contradiction.
Similar to i, let f; denote the minimal k such that k € Wing(s) and oo if there is

no such k.

» Definition 4.2. We construct a new MDP M* which abstracts away all the
Wing configurations. At every state s, the player gets the option to enter a winning
sink state if the energy level is sufficiently large to win with finite memory, i.e., if
the current energy level is at least fs. The states of the MDP M* will have two
copies of each state s of M, namely s and s'. Moreover, we add a new state Syiy.
All states s’ are controlled by O and every step s;—s in the original MDP M is
now mapped to a step s;— s’ with the same reward (and the same probability if s
was a random state). In s, the player has two choices: he can either go to s with
reward 0 or go to Sy with reward (—fs,0). The latter choice is only available if
fs < 00. Syin @S @ winning sink where Syin—>Swin With reward 1, i.e., reward +1

in all dimensions.

The following lemma shows that the existence of almost surely winning (finite-

memory) strategies coincides in M* and M.

» Lemma 4.3. Let s € S and k € N, and consider the objective 0(k). There exists
an almost surely winning strategy o from s in M* if and only if there exists an
almost surely winning strateqy o from s in M. Moreover, if o* is finite-memory

then o can be chosen as finite-memory, and vice-versa.

Proof. Towards the ‘only if” direction, let ¢* be a strategy from s in M* that is
almost surely winning for 0(k). We define a strategy o from s in M that plays
as follows. First o imitates the moves of ¢* until (if ever) ¢* chooses a move
8] — Swin With non-zero probability at some state s|. This is possible, since
any finite path in M* that does not contain s;, can be bijectively mapped to
a path in M. The only difference is that paths in M* contain extra steps via
primed states, which are skipped in the paths in M. Moreover, the transition
probabilities at random states coincide in M* and M. If ¢* chooses a move
s} — Swin With non-zero probability at some state s} then the current energy level

must be > f,,, because o* satisfies the energy objective almost surely (and thus
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even surely). Thus, in M, there exists an almost surely winning finite-memory
strategy & for 0(fs,) from s;. In this situation o continues by playing & from s;.
Therefore, o satisfies the energy objective surely. Moreover, by shift invariance
and the properties of 7, it also satisfies the Mean payoff objective almost surely.
Thus, o satisfies 0(k) almost surely. Finally, if o* is finite-memory then so is o,
because ¢ is also finite-memory.

Towards the ‘if” direction, let o be a strategy from s in M that is almost
surely winning for 0(k). We define a strategy ¢* from s in M* that imitates
the moves of 0. Moreover, at primed states ¢’ it always goes to ¢ (and never to
Swin)- Since the probabilities at random states coincide in M* and M, also the
probabilities of the induced paths coincide. The only difference is that the runs in
M* contain extra steps via primed states and these extra steps carry reward zero.
Thus, the mean payoff of a run in M* is 1/2 the mean payoff of the corresponding
run in M. However, this does not affect the property that the mean payoff is > 0
almost surely in either MDP. Thus, o* satisfies 0(k) almost surely. Finally, if o is

finite-memory then so is o*. <

The next lemma shows that, in M*, it is impossible to satisfy Energy-
MeanPayoff from s with arbitrarily high probability, unless one also allows ar-
bitrarily large fluctuations in the energy level, or f; =i,. (Recall that f, i, are
defined relative to M.)

» Lemma 4.4. For every state s with f; > iy and every { € N, there exists a

d¢ > 0 such that valé\é:)mnﬁxl(@(s) <1-—94.

Proof. Towards a contradiction, assume that valé\é:)mnﬁxl(@(s) = 1 for some /.

0(4s) N Infix(¢) = ENy(i5) N MPj2,q)(> 0) N Infix,(¢) which is the same as
ST1(is,€) N MP[2,q)(> 0). Therefore, we have val" (STi(is, £) N MP[a,q (> 0)) =
1. Below we prove that this objective has a finite-memory almost-surely winning
strategy o in M*. Consider a modified MDP M7 that encodes the energy level
up to 75 + £ in the states. A step exceeding the upper energy bound i, + ¢ results
in a truncation to i, + ¢, while a step leading to a negative energy leads to a losing
sink. There exists a memoryless randomized (MR) strategy oy in M7 from state
(s,1s) that wins MPjz q/(> 0) almost surely, by Lemma 4.6. We can then carry oy
back to M* as a finite-memory strategy o with is + ¢ + 1 memory modes such
that PM" (ST (s, £) N MPz,q (> 0)) = 1. By set inclusion, P (0(i,)) = 1. By

Lemma 4.3, there also exists a finite-memory strategy from s in M that is almost
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surely winning for 0(i,). This implies f; = i,, a contradiction to our assumption

fs > i5. Hence, we obtain 6, = 1 — valé\(’g)mnﬁm(g)(s) > 0. <

The following three lemmas show that almost surely winning strategies for
Energy-MeanPayoff can be found by combining two different memoryless strategies
for the simpler Bailout and Gain objectives.

First, we define the objective Bailout(k) = ENy(k) N MP;(> 0). Let Baitout
denote the minimal energy value k£ with which one can almost surely satisfy

Bailout(k) when starting from state s (or oo if it does not exist).

» Lemma 4.5. [BKN16, Lemma 3] Let M be an MDP. If s € AS(Bailout(k))
for some k € N then %1t < |S| - R. Moreover, there exists a uniform MD
Strateqy Opaiions Which is almost surely winning Bailout(k) from every state

s € AS(Bailout(k)).

Proof. We rely on the existence of “pumping” strategies established in [BKN16].
In [BKN16, Definition 4], a strategy is defined as pumping in a configuration if it
is safe (energy never drops below zero on any run) and the energy level tends to
infinity almost surely.

We first establish that for finite MDPs and any finite-memory strategy, the
objective Bailout(k) is equivalent to the pumping property. A finite-memory
strategy induces a finite Markov chain. If such a strategy wins Bailout(k) almost
surely, then MP; > 0 almost surely. In a finite Markov chain, this implies that
every reachable Bottom Strongly Connected Component (BSCC) must have a
strictly positive expected mean payoff. By the Strong Law of Large Numbers, the
accumulated energy of a random walk with positive drift diverges to +oo almost
surely, satisfying the pumping condition. Conversely, if a finite-memory strategy
is pumping, the energy diverges to +o0o. In a finite state space, this implies
the strategy cannot be trapped in any BSCC with non-positive expected weight
(where energy would either recur or diverge to —oo). Thus, it must eventually
reach and stay in BSCCs with positive expected yield, satisfying MP; > 0.

[BKN16, Lemma 3| proves that for every EMDP, there exists a uniform
memoryless strategy op,;10.,¢ that is pumping in every pumpable configuration.
Since s € AS(Bailout(k)), the configuration admits a winning strategy. As
established above, this implies the configuration is pumpable. Thus, the uniform
memoryless strategy og,;1..c €Xists. Being memoryless (and thus finite-memory),

this pumping strategy is almost-surely winning for Bailout(k).
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Regarding the energy bound, [BKN16, Lemma 3] provides a bound of 3-|| M||-R
based on a reduction to Energy-Biichi games on an expanded state space. However,
a tighter bound of |S|- R holds structurally. The memoryless strategy induces a
Markov chain. The requirement of sure safety implies that no run in the support
of the chain can traverse a cycle with negative total weight (otherwise the energy
would drop unboundedly). Since all reachable cycles must be non-negative, the
maximum energy deficit is bounded by the deficit accumulated along a simple
(loop-free) path. The length of a simple path is bounded by |S|, so an initial
energy i22ttont < |S| . R suffices. <

We define the Gain objective as MP; q(> 0). The following lemma shows
that an almost surely winning strategy og,;, for this objective can be chosen as

memoryless randomized.

» Lemma 4.6. /[BBC" 14, Proposition 5.1] There is a uniform MR strategy og,;,
which is almost surely winning for Gain (or any subset of dimensions) from all

states s € AS(Gain).

Proof. We construct the uniform MR strategy og,;, by analysing the Maximal
End Components (MECs) of the MDP M. Recall that the objective Gain requires
MP > 0 almost surely.

Let C be the set of all MECs C' = (SC,Sg, Sg, EC,PC) of M. For a MEC
C, let Po denote the set of all vector values achievable as the expected mean
payoff of a strategy within C. As established in [BBC*14, Theorem 4.1], the set
of achievable expectations is characterized by the system of linear inequalities L.
Thus, for a specific MEC, P¢ is the set of vectors satisfying the flow constraints of
C' (specifically equations 4.3-4.5 restricted to ('), which forms a convex polytope.

We define a MEC C' to be winning if this set Po contains a vector w strictly
greater than 0. If such a w exists, let § = min; w; > 0. We rely on the construction
in the proof of Proposition 5.1 in [BBC*14]. The authors show that if a vector
v € P satisfies the flow constraints, then for any € > 0, there exists a Memoryless
Randomized (MR) strategy o. such that the long-run average reward is at least
v — € almost surely. Applying this with precision € < ¢ guarantees a uniform MR

strategy o on C' such that:

P

vos

MP>w—¢)=1 forall s e Sc.

Since € < 9, we have w — € > 0, and thus P, (MP > 0) = 1.
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Let Uin = U{Sc | C is a winning MEC}. We now prove that a state s belongs
to AS(Gain) if and only if it can reach U,;, with probability 1.

Direction («<): If s can reach U, almost surely, the player can use a
memoryless deterministic attractor strategy to reach U,;,. Upon entering a
state in a winning MEC C, the player switches to the MR strategy o¢. Since
MECs are closed under o¢, the run stays in C' and satisfies Gain almost

surely.

Direction (=): Suppose s € AS(Gain). Any strategy in a finite MDP
eventually stabilizes in some End Component (and thus some MEC) with
probability 1. If the play stabilizes in a MEC C' that is not winning, then
by definition Pc N {v |v > 0} = (. Since P¢ is closed (it is a polytope)
and disjoint from the open set (0, 00), it is impossible for the limit-average
reward to be strictly positive almost surely within C'. Therefore, any almost-
sure winning strategy must avoid stabilizing in non-winning MECs, implying

it must reach U,;, almost surely.

Consequently, we can define the global uniform MR strategy o¢,;, as follows:
Let 0reacn be a uniform Memoryless Deterministic (MD) attractor strategy on

AS(Gain) \ Uy, that reaches Uy, almost surely.

oc(s) if s € S¢ for some winning MEC C,
Uéain(‘g) = Ureach(5> if s € AS(Galn) \ Uwim

arbitrary otherwise.

A run starting from s € AS(Gain) consistent with o§,;, enters a winning MEC
C almost surely and subsequently follows oc. By the construction derived
from [BBCT14], the limit-average reward converges almost surely to a value

strictly greater than 0. <

A difference between M* and M is that if one can almost surely win Energy-
MeanPayoff in M* then one can also push the energy level arbitrarily high. This
does not always hold in M. (Consider, e.g., a single-state Markov chain with a
single loop with reward 0 in the 1% dimension and +1 in all other dimensions.)
The difference comes from the loop at state sy, in M™* which has a strictly positive

reward in all dimensions. Thus, the following lemma only holds for M*.
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» Lemma 4.7. In M*, there are two uniform memoryless strategies 0gy;q00 ANA
Ogain Which, starting from any state s € AS(0(k)), almost surely satisfy Bailout(k)

and Gain, respectively.

Proof. Let s € AS(0(k)). We show that s € AS(Bailout(k)) and s € AS(Gain).
The existence of the memoryless strategies 0p,;100: and 0¢,;, then follows from
Lemma 4.5 and Lemma 4.6, respectively.

We assumed that all states s in M admit an almost surely winning strategy
for Energy-MeanPayoff. By Lemma 4.3, this also holds for all states ¢ in M*.
Let ag denote an almost surely winning strategy from ¢ for 0(3,) in M* (without
restrictions on memory).

Recall from Section 2.1 that the random variable X; denotes the state at time

t, and Y; denotes the (d-dimensional) sum of the rewards until time ¢.

> Claim 4.8. For every state ¢ € M* there exists some number of steps n, € N

and a probability p, > 0 such that

0q,9

P (U«th > iy, —ig) U (V)1 > fx, — m) > .

J=0

Proof. Towards a contradiction, assume that for all m

0q,4

Py (U((Yj)l >ix, —ig) U (Y = fx, — iq)) =0.

§=0
Due to the second part of the union, this implies that never (Y;); + i, > fx;.
Since ag satisfies ENy (4,) almost surely, it can never choose the step to Syin. This
implies P;‘g;(stin) = 0, i.e., X, is always different from sy;,. (The values f;
were initially defined with respect to states s of the original MDP M, but the
definition is naturally extended to the MDP M*, by giving the primed states the
same value, i.e., f¢ = fs. The state sy, does not appear in M, but only in M*.
We can extend the definition by having fs , = 0. However, this is not strictly
required. The fy, is already defined, since X is always different from s;y.)
Since o satisfies ENy (i4) almost surely, all runs always satisfy (Y;); > ix, —iq for
all 5. On the other hand, our assumption yields P?g; (UT:O(Y])l > ix, — iq> =0.
This implies that (Y); = ix; —1i4 for all j. Hence, in all runs the energy fluctuates
by at most £ < 2max,i,. Thus, P(fg;(O(z'q) N Infix;(¢)) = 1. Then Lemma 4.4
implies that f, = i,. Since X, = ¢ we have fx, = f, and thus (Yy)1 > fx, —i, = 0.
This contradicts our assumption, since the second part of the union is surely

satisfied. 4
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For any state ¢, let n,, p, denote the values from Claim 4.8.

Now we show that s € AS(Bailout(k)). Define a strategy opaiious Which plays
in phases, separated by resets. It remembers the number of steps ¢ > 0 since last
reset, the (under-approximated) sum of rewards @); and the current state X;. The
first phase starts at state s and ogai10ue plays like Ug until one of the following

events occur.

1. There is enough energy such that it is safe to move to syin, i.€., (Q¢ > fx, — is),

or

2. The current energy level is strictly greater than the minimal required energy

level of the current state, i.e., (Q; > ix, — is), or
3. ny steps have elapsed, i.e., (t = nyg).

If at any point Item 1. happens, then the strategy simply goes to Syi,. If it is
the case that Item 2. occurs before ¢t = ng, let’s say at some time t’, then the
phase ends at t. The sum of the rewards in the phase, between the last reset
(where t = 0) and the current time is > iy, —is+ 1. If neither Item 1. nor Item 2.
occurs before t = n,, then the phase ends and we let ¢/ = ng. The sum of the
rewards in this phase is then exactly iy, — ;. At the end of the phase 0gaiiout
resets the number of steps (¢t = 0), and @, to 0. In the following phase it moves
according to J_%(t/ until the next reset.

Ogailous Clearly satisfies EN; (k) as it is a mix of energy safe strategies (ag)qe 5
and since we are starting from a safe energy level. By Claim 4.8, there is a positive
probability (lower-bounded by min, p, > 0) that either Item 1. or Item 2. happens
in each phase.

Hence, unless event Item 1. occurs, Item 2. occurs infinitely often almost
surely. Moreover, since the length of phases is upper bounded by max, n,, it occurs
frequently. We obtain P(fé;whs (MPl > min, (Z—‘;) >0 ‘ —stin) = 1. On the other
hand, if sy, is reached, then MP; holds by shift invariance and the definition of the
positive rewards in the loop at syi. Therefore, PX  (EN;(is) N MPy(> 0)) = 1.

Now we show that s € AS(Gain). We make use of the following strategies.

o} which satisfies ENy (k) N MPj3,g1(> 0) almost surely from ¢ for every k > i,.

a uniform MD strategy oy, which satisfies MP;(> 0) almost surely from
every state. It exists since AS(MP;(> 0)) = S* (where S* is the set of states
of M*), because PM"  (EN;(iy) N MP(> 0)) = 1.

OBailout,S
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From the former, we get probabilistic bounds on the achievable mean payoff in
all the dimensions, i.e., for all states s, and 0 < e < 1, there is a d — 1 dimensional
vector v, > 0 such that 73;\{‘8 (MP[z,d] > I/E) > 1 — 5. This follows from the fact
that for any sequence of decreasing vectors v,, — 0 in R%!, MP2,q)(> 0) =
U, MP2,4) (> v») and continuity of measures. Furthermore, denoting by Y; the
sum of rewards in all dimensions until time ¢, there exists a sufficiently large

bound n. € N such that 770_/\,{‘8 <@ > %) > 1 — ¢ in each of the dimensions

J € [2,d] for all t > n,. steps. This can be shown by observing that MP; (2 (VE)]-> =

N, Un2, ﬂfin<(yz)j > (V) (1- 2%)) and using continuity of measures.
Similarly, there exists a bound n} € N and value v > 0 such that
SO

o8 (T > %) > 1 — ¢ after t > n? steps for every state s.

P

O,

Now consider the following strategy ogain, which switches between two phases.

Phase 1: If the current state is ¢, it moves according to ag for some number

a > n. of steps. Then it switches to phase 2.

Phase 2: Tt moves according to oy, for some number 8 > n? of steps, and then

switches back to phase 1.

The strategy ogain is a finite-memory strategy, since the lengths of the alternating
phases are bounded by « and f3, respectively. (Even if ag is an infinite-memory
strategy, it can only use bounded memory in each phase.)

We fix 0¢ain from the start state s and obtain a finite-state Markov chain. In
every BSCC of this Markov chain, the expected mean payoff in the 1%* dimension
will be

> .
a+ 3
where i* = max, i, denotes the maximum (over all states) minimal safe energy.
Similarly, in every BSCC, the expected mean payoff in the j** dimension for

J > 2 can be lower-bounded by

a- ((1—5)-((V;)j) —e-R) - B R
a+f '
By choosing ¢ sufficiently small, g sufficiently large to make the first term

>

positive and « > ( sufficiently large to make the second term positive, we can
get positive expected mean payoff in all dimensions. Since this holds in every
BSCC of the induced finite Markov chain, the objective Gain is satisfied almost
surely. <
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The following lemma shows the converse of Lemma 4.7. In M*, it is always
possible to win 0(is) almost surely from s by playing a particular strategy Oa1t.2y.7,
which combines the two uniform memoryless strategies 04,;1,0 and 0ggy,. Let
Z, denote the minimal universally safe energy level for Bailout, i.e., Z, =
max; min{k | s € AS(Bailout(k))}. Moreover, let Z, > Z, be a larger energy
level at which our strategy switches from o3,;1,.c 1O Ogain-

Similarly to [MSTW17], we define an infinite-memory strategy o3, 5, 5 that
always records the current energy level and operates by switching between two
phases. It starts by playing o¢,;, (Gain-phase) if our starting energy level is
sufficiently high (> Z, + R), and otherwise starts by playing og,;1... (Bailout-
phase). In the Bailout-phase, the primary goal is to pump the energy level up
until it is > Z,, and then it switches to the Gain-phase. It enters the Bailout-
phase again if the energy level drops below Z, + R (in which case it will still be
> Zy).

» Lemma 4.9. There exists a Z, € N such that for every s in M* the strategy

Oa1t,2,,2, 1S almost surely winning for 0(is) from s.

Proof. The parameter Z; is chosen sufficiently large such that there is a fixed
non-zero probability that after every Bailout-phase one never needs another
Bailout. (Thus, except in a null set there are only finitely many Bailouts.) The
existence of such a finite Z, is guaranteed by the fact that limyo P,. . (0(k)) =
1. (Lemma 2.11). Eventually, except in a null set, 03, 5, , plays Gain forever,

thus satisfying 0(is) almost surely from s. <

Some combined objectives like Energy-Parity really require infinite memory for
almost surely winning strategies [MSTW17]. However, we show that a sufficiently
large finite memory is enough to win Energy-MeanPayoff almost surely. The idea
is to modify the strategy 03y 7, » such that it remembers the current energy only
in the interval [0, b], for some sufficiently large b > Z,, and ignores any possible
excess energy above b. This modified strategy is denoted by 03;; 4, » ,, and it has
a finite set of memory modes [0,b] x {0,1}. The {0, 1} part is used to remember
the current phase (Gain = 0 or Bailout = 1). Then 0}, 5 » ,[(u, )] denotes the
strategy 031, 7, 7, , With current memory mode (u,z) € [0,8] x {0, 1}.

The finite bound b on the remembered energy has the effect that o7y, 5, » ,
can no longer guarantee a fixed positive probability of not needing another Bailout

after each Bailout-phase. Thus, one might have infinitely many Bailouts with
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positive probability. (Most of these are unnecessary, but one cannot be sure which
ones). Unlike for Energy-Parity, where using infinitely many Bailout phases can
compromise the objective, the nature of the MP[z 4 (> 0) objective allows us to
use infinitely many Bailouts with non-zero probability, provided that they happen
sufficiently infrequently.

By its construction, the strategy o3, 7, 7 ,[(is, )] is energy-safe from every
state s, every initial energy > i, and « € {0,1}. It remains to show that it also
satisfies MP(3,q1 (> 0) almost surely. Since 03y, 5 » , is finite-memory, it suffices to
consider the induced finite Markov chain A and show that the expected mean payoff
is strictly positive in every BSCC. L.e., we prove that 8J:1t’zb’zg’b7s (MPj2,4)) > O for
a sufficiently large b. To this end, we consider the finite Markov chains A%®
and APt obtained by fixing the memoryless strategies og,;, and g1, 11
M, respectively. The application of 03,; 5, ~ , can then be seen as alternating
between these two Markov chains based on hitting certain energy levels.

Let 7% denote the random variable that measures the length of a Gain-phase,
when starting at energy level Z, and assuming that the energy it truncated at b.
Similarly, TB21°%¢ i5 the random variable that measures the length of a Bailout-
phase when starting at energy level Z,,. (Here it does not matter that the energy
is truncated at b, since the Bailout-phase ends when the energy reaches Z, < b.)
Since R can be > 1, the Bailout-phase might actually start at a slightly higher
energy level u € [Z,, Zy + R — 1], and thus 7" over-approximates the actual
length of the Bailout-phase, which is conservative for our analysis. Similarly,
the Gain phase might start with an energy slightly higher than Z,, and 7"
under-approximates the length of the Gain-phase, which is again conservative.
The random variables (Y7esin); and (Yreaies ); then measure the sum of the rewards
the i* dimension obtained during the Gain and Bailout phases, respectively.

The following lemma shows that the strategy o3,, , , , can attain a strictly
positive mean payoff in all dimensions i € [2, d], provided that the expected reward
during the Gain-phase is sufficiently large (positive) and the expected reward

during the Bailout-phase (though possibly negative) is not too small.

» Lemma 4.10. If there are constants v; > 0 and v? such that, for all i € [2,d]
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and states q

*

b[(Z4,0)],4 ( (YTGain )z) > 'Uz‘l

*
Oalt,2y,,2g,

*

M 2
ga:lt,zb,zg,b[(zb’l)},q<(YTBail°“t)i) > U,

v +v7 >0

then EM”

Ualt,Zb,Zg,b[m]’s

(MP;) > 0 for all s and m € [ig, b] x {0,1}.

Proof. By fixing the finite-memory strategy o, 7, 7 . We obtain a finite Markov
chain. Consider any BSCC in this Markov chain. In this BSCC, except for a null set
of runs, either no Bailouts happen or infinitely many. In the former case, this BSCC
behaves like playing og,;, forever, which attains a strictly positive mean payoff in
all dimensions almost surely, and thus a strictly positive expected mean payoff in
each dimension . In the second case, almost surely there happen infinitely many
Bailouts, each starting at an every level > Z,. Then, by the finiteness of the BSCC,
we obtain that £ (T%™) < co. Moreover, by the definition of o,;,..., the expected
duration of the Bailout-phase is always finite, i.e., £(T®*1°") < co. Thus, by
K e (UP0) 2 (0] 02)(E(T%5) 4 E(T5085)) >

linearity of expectations, £
0. <

Ta1t,zy,2g,b7%

L v2 from

1771

Lemma 4.10 exist. Recall that the finite Markov chains 4% and .4B2i1°% are

obtained by fixing the memoryless strategies 0¢,;, and 0g,;1. I M7, respectively.

The following technical Lemma 4.11 shows that the constants v

Let Zmin,1 and Zmin 2 denote the minimal occurring non-zero probabilities in these
two Markov chains, respectively. (They come from solutions of linear programs
and can be chosen as only exponentially small, i.e., described by a polynomial
number of bits). The proof works by applying general results about expected first
passage times in truncated Markov chains to the induced Markov chains A%*® and
ABaileut “The general idea is that in the Gain-phase one has a general up drift in
all dimensions, and in particular in the first (energy) dimension. It is thus unlikely
to go down very far in the energy dimension, even if the energy is truncated at
b. Thus, for a sufficiently large truncation point b (actually b = Z, + 1 suffices),
the expected time spent in the Gain-phase is very large relative to the expected
time spent in the Bailout phase. More exactly, the former increases exponentially

in b, while the latter is polynomial in b. For a sufficiently large b (exponential in

| M*]]), the condition v} + v > 0 is met.
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» Lemma 4.11. Let p; > 0 denote the lower bound on the mean payoff in dimen-
sion i in any BSCC in the Markov chain A% with corresponding computable
constants ¢;, Jeain, Neain ((2.5),(2.9),(2.1)), and let p denote the lower bound on
the mean payoff in the 15¢ dimension in any BSCC of AB31°% with the correspond-
Mg constants geailout, Neailour- All the above constants, except ¢;, can be chosen as
at most exponential in | M*|| and 1/(1 — ¢;) € O(exp(exp([|M*||9M))).

Then there are constants 0 < C7; < 1, Cy > 0, C3 > 0, Cy > 0, C5 > 0,

all exponential in || M*|| and dependent only on M, such that for k =) il‘\‘i*lll‘ €

min,1

O (exp (J|M*[|°M)), any § € (0,1) sufficiently small such that (||S*|| +1)-(3 — 1)+
[log,.(0(1 —¢;))] > % for all 2 < i <d, one can choose

Zy= Zy + R+ k- R+ max;(R - [log, (01 — )] — R+ 1, hgain) €

O (exp([|M*||°W) -1og(1/8)) and b = Z,+1 so that

) 1 def
£, Zg,O)Lq((YTGai“)i) > (- 5 Cslog, <5> —C4 def vl

U:lt,Zb,Zg,b[(
* 1
g‘i\ﬁt,zb,zg,b[(zbyl)},q((YTB‘"‘““t)z’> > —Cjylog, <g> - Cs = Ui2

In particular, in order to satisfy the condition v} + v? > 0, it suffices to choose
1/6 € O(max(1/Cy, maxacj<s C;)°W). Since the constants C; are exponential in
| M*||, and by the conditions on the other constants above, the value Z,, and hence

the overall bound b= Z, + 1, can be chosen such that b € O (exp(||M*||°M)).
Proof. We parametrise || M*|| along with r on

Number of states n = ||S*||.

Maximum bit length of probability in P. Let it be w.

Number of reward dimensions d.

Maximum reward on an edge in any dimension R.

def

Let f(n,w,d,R) =n?*2+w+d- (1+ [logy(R+1)])). Assuming binary rep-
resentation of rewards, it is easy to see that | M| < f(n,w,d, R). The probabilities
are always represented in binary.

AS 0p 10w 18 MD, || AP < f(n,w,d, R).

Similarly, as 0¢,;, is obtained as a result of a linear program, we have

||Acain|| < f(n, LPGain(n7 w,d, R)a d, R)
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maxe

Z =1 s : Avg. time spent in s

seC
Z T(s,s’) = Ts seSgndc

(s,s")EEC
T(se) = Ts - P(s)(8) se€SoNC
Z T(s,s") -’r((s, S/)) >ec-R MP[ljd](> 0)
(s,s")eEc
>0

Figure 4.1: LP for an MEC C for Gain [BBC*14, Figure 3]

where LPg;, (cf. Figure 4.1) is some fixed polynomial in n,w,d and log R. For
succinctness, we define weain = LPgin(n,w,d, R).

To show that all the constants lie in O (exp(||M*||°V)), we simply consider
v} + v and show that each of the constants for vi + v} is in the required size. The
result then follows by observing that every constant is positive.

From Lemmas 4.10 and 2.17, for
def

Zy=Zy+ R+ k- R+ max(R[log,,(6(1 —¢;))] + R — 1, hain)

it suffices to choose k£ and ¢ such that

(00 (5 =1) + Nog (5L = c)T) i+ (1 = 20b) -

2 2g(}.ain
heain — R - n 4+ >— )> 4.1
¢ (( - Ycain (1 - gGain)2 ( )

R(n+ 2 +Z+hBailout+R) VQSZSCZ
1-— OBailout H
k>mn (4.2)
1
(640 (5 1) + Mo 600 = 1) - > B
0 (4.3)
V2<i<d

The last set of equations become redundant due to the first one. The left-hand

side of (4.1) is the over precision of constant v} and similarly the right-hand side
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is that of —v?. It is simple to notice that once k is fixed, then v} varies with ¢ as
Ci- % — (Y log(%) — (3 and v} as —C} log(%) — (5 for some appropriate constants
C;. To further simplify, W.l.o.g, assume 0 is sufficiently small such that

erlogcz(é(l - Cz))—l + R Z h'Gain-
By definition of Z, and our assumption on ¢, we get that
Zg=2Zy+R+k-R+ R[log, (0(1 —¢))] +R—1.

Then rearranging constants to one side and terms depending on k£ and ¢ on other

side we get

(640 (5 =1) + Rlog (01— 1) i (1~ 20k)

~(k+ Nog, (3(1 = ) - - >

2 2. ain
hGain—l—R‘((n—i— >+ J 2)
11— JGain (1 — gGain)

2 Zy+3-R—1+ hgaiton
—i—R-(n—l— + b Bail t)
1_gBailout [1'

We will upper bound the RHS and lower bound LHS by simpler formulas to get
sufficient bounds on k and §. Let 2,1 denote the minimum probability in A%
and 2 denote the minimum probability in AP Then by definition of

Weain and w,

> 1 > 1
Lmin,1 = Tmin2 = 7
1 2wGain 2 2’[1)
from (2.1)
2-n-R
hgain = n
xmin,l

< 91+ [logy n+logy R]+n-Weain

< Qf(nvaainadaR)

Similarly, one gets hpaiions < 27 (nw,d,R)
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Figure 4.2: LP;: Linear program for steady state probabilities in a BSCC

From (2.9)

_xrrilin 1
I —geain=1—exp | —
n

‘Tglin . -1
P Slncel—e_’”z6 -xzzfor.re[o,l]
2n e 2
(4.4)
2 4-n-R
— I <= (4.5)
]‘ - gGain xmin,l
= 2hgain (4.6)
< 2 9f(nweain,d, ) (47)
Similarly, R - 1—93110“ < 92f(nw,d.R)
2 ain 2
R g; < R —
(1 - gGain) (1 - gGain)
2-n°-R
S 2n
mmin,l

< 21+ [21log n+log R]+2n weain

< 22f(n7w(}ain7d7R)

To get a lower bound on p, let B be any BSCC of A®°" and Py be the
one-step transition probability matrix in A8°" restricted to B. Clearly the
number of states in B is < n. The steady state probabilities 7z are solution to
the linear system Figure 4.2.

We apply [Goe94, Theorem 15]. First, lets multiply each row by lem of
denominators to get integer entries. The size of each entry is now bounded by
n-w. Therefore, size of the entire matrix is < n? - w. size(b) here < 2n+2. =

the denominator of each component of 7z is < o(rfuwtn+2) < of*(nwd.R).
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The mean payoff in this BSCC is then given by

s 3" 3 awls) - P(s)(s) mil(s, o)

s {s'|(s,s")€EB}
The least common denominator for all such P(s)(s') will be < 2n% < 2f(nw.d.F)
which means the overall denominator for jg < 2/°(mwdR)+f(nwd.R) < 92f*(nw.d.R)

Therefore, pug > 272 (wdR) - Since 4 is just minimum over all such psz,

> 9—2f*(nw,d,R)

Finally, Z, = max,i22**°"* < 3.n- R. Combining everything and from the fact

that wgain > w, we get that RHS

< 9f (n,weain,d, ) +92. 9f (n,weain,d, ) + 92/ (n,weain,d, R) +2.n-R

+9.9f/(mwdR) 4 p2 92f*(nwdR) (3 n-R+3-R+ 23f2(n»w»d»R))

<5- of (nwean,d,R) 4 o . R 4 92f(nWeain,d, R)

+ R?. 02/ (nw.d R (3 (n+1)-R+ 23f2(”7w7d7R)>

< 7. 9 (nwsandR) | 92/ (nwd,R) | 92 (nw.d,R) (22f(n,w,d,R> n 23f2(n,w,d,R))

< 92 (nweain,d, R)+3 + 24f2(n,w,d,R) . 25f2(n,w,d,R)

< 9. 99/ (g d R)

To lower bound LHS, first choose k to be sufficiently large such that gf , < 1/4.
Let k = [-22-] > n+ 1. Then

min,1

(40 (5-1) + Mg 01 = e ) s+ (1~ 20h) >

5
(k+1)- (%—1) % (4.8)

Fpus
> 272f2(n,wcain7d7R) . 1
> )

since k > 2 and p; > 9~ 2% (nwean,d,R)

2
ﬁ S kRQ 2f(n’w»d7R)
v
< 22 f(n,weain,d,R) | 2f(n,w,d,R)
k R?
M

:> > 23 f(n’wGain7d7R)
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From (2.5) and (2.4)

R logl/d +log(1/(1 —¢c)) R
log,.(0(1 —¢;)) - 7 - log 1/¢; ' 7

2n? - R?
< (log 1/5 +log(1/(1 — ) - ===

Using 1; < 3 - hgain, and 1 —¢; > 1 we get

2772.2 ’

< (log,(1/8) + 1+ 2 -logymi + 2 - logy 1/11;) - (3hganR)? - 2077 (mweaind: )
< (logy(1/8) + 142 -1logy 3 + 2f(n, Weain, d, R) + 4f*(n, Weain, d, R))

-9 . 210f2(m7wGain7d,R)
< (logy(1/8) + 5+ 6 - f2(n, Weatn, d, R)) - 9 - 2107 (teaind:F0)

S 9. 210f2(n,wGain,d,R) 10g2 (%) +99. 211f2(n,wGain,d,R)

Combining everything, we have LHS

1_9'210f2(n,wGain,d,R) 10g2 (%) _99211f2(n,wcain,d,R) _23f(n,w(;ain,d,R)

> 2*2f2 (n»wGainydvR) .
- )

(4.9)
Comparing it with the constants from Lemma 4.11, one can see that ¢ =
2—2f2(n,wcain,d,R)’ C2 + 03 —=9. 210f2(n,wcain,d,R) and 04 + 05 — 102 211f2(n,wcain,d,R) all
of which are in the required complexity.
Finally, it suffices to choose a  such that
272f2(n,wcain,d,R) . 1 o 9 . 210f2(n,wcain,d,R) 10g2 (1) > 102 211f2(n,w(;ain,d,R)
4] o
§ = 2720 (nweand:R) ghould satisfy the required inequality. Therefore, with
k=[-27, and § = 272 (nweindB) the overall bound b will be exponential in

min,1

M. <

Now we can prove the first item of our main result.

Proof of Theorem 4.1(Item 1.) Towards a contradiction, we assume that there
exists a state st such that there is no finite-memory almost surely winning strategy
from s' for 0(is) in the MDP M.

First we consider the MDP M*. The finite-memory strategy o 7, 7 5[(ist,1)]
from s' is energy-safe by construction and satisfies EN (i) surely. Now consider

the finite Markov chain induced by fixing this finite-memory strategy in M*. By
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Lemma 4.10 and Lemma 4.11, for a sufficiently large (exponential) b it yields a
strictly positive expected mean payoff v} + v? > 0 in every dimension i € [2,d] in
every BSCC of this Markov chain. Since the Markov chain is finite, this implies
that the mean payoff in every dimension i € [2, d] is strictly positive almost surely.
Hence, P(f:’i;Zbyng[(ishl)]’sT (MP,q(> 0)) = 1 and thus chr\g:,zb,zg,b[(iﬂ’l)]’sf(D(iST)) —
1. So there exists an almost surely winning finite-memory strategy from s’ for
0(i4) in M*. However, Lemma 4.3 then implies that there also exists an almost

surely winning finite-memory strategy from s for 0(i,) in M. Contradiction. <«

Remark 4.12. 1f 03, 5, , , satisfies 0(i5) almost surely from some state s then
it also satisfies the stronger objective 0(i5) N Infix(b) almost surely. Consider a
winning run induced by 03, 7, ;. While the true energy might sometimes be
higher than b, the energy remembered by 03,; 5, » , is always < b. Even with this
conservative under-approximation of the energy, the run still satisfies the energy
objective. Therefore, in any winning run induced by 07, 5 ;. the energy can

never decrease by more than b. Thus, also Infix(b) is satisfied almost surely.

4.5 Proof of Item 2.

Given some state s, let o = (M, mg, upd, nxt) be a finite-memory strategy that is
almost surely winning for 0(i;) (which exists by Item 1.). We show there exists
an almost surely winning strategy o’ for 0(is) such that the energy fluctuations
are bounded by some constant which is exponential in || M]].

First, inside any BSCC B of M?, we construct an almost surely winning
strategy op and upper bound the minimal safe energy levels and energy fluctuation
while following og. Using this, we upper bound the energy fluctuations in paths
before reaching a BSCC. We use the fact that the set of states and transitions
that occur in any BSCC of a Markov chain induced by fixing some finite-memory
strategy in an MDP is an end component of this MDP ([DA97, Theorem 3.2]).

» Lemma 4.13. Let B be a BSCC of M? and let M(B) be the correspond-
ing end component in M with states Sg and transitions Eg. Then there is
a strategy op, a bound bp € O(exp(|M(B)||°D)) such that for any state
q € Sp, there is a minimal safe energy level j, o 'if]vl(B) < |SB| - R such that

Pon) (0(j) N Infix(bg)) = 1.
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Proof Sketch. (Full proof follows) The idea is that for M(B) there are
two cases. In the first case it behaves similar to M* from Section 4.4, in the
sense that it is possible to win Gain and Bailout almost surely, and thus
Energy-MeanPayoff can be won almost surely by switching between the two
strategies for Gain and Bailout like in the strategy o7, 5, 5 - Then one can invoke
Lemma 4.11 and Remark 4.12 on M(B) to get an exponential bound bg such
that Pé\gff)([](jq) N Infix(bg)) = 1. If the first case does not hold then M(B) is
very restrictive, and one can show that the energy level fluctuations are bounded
by a constant in O(|Sg| - R).

Before proceeding with the proof of Lemma 4.13, we state some useful defini-
tions and prove some intermediate lemmas which makes it easier to understand

the idea. We start by defining the notion of a winning end component (WEC).

» Definition 4.14. Let M(B) = (Sg, Sup, Sog, Es,T5) be an end component of
M. We say that M(B) is a WEC (winning end component) iff there is some

strateqy o € Z}M(B) such that

M(B)? is irreducible and the end component defined by it is exactly M(B).

For every state ¢ € Sp, there is some minimal energy level j, such that
70 (0(j,)) = 1.

We simply say B is a WEC instead of M(B) is a WEC for succinctness.

Furthermore, denote by C(B) = {C | C is a simple cycle in M(B)}, the set of
all simple cycles in M(B) and given a simple cycle C = 55— 5§ — ... 5 = S0
be a cycle of length j, where ¢; denotes the rewards in the energy (1%%) dimension,
define the effect of C to be eff(C) = >71—1 cy.

A WEC B is called a WEC of Type-I if there is some C € C(B) such that

eff(C) > 0. Otherwise, it is called a WEC of Type-II.

» Lemma 4.15. If B is a WEC of Type-1, then one can choose o such that it
satisfies all the conditions of Definition 4.14 along with

PHB (Mpy (> 0)) = 1
for every state q € Sp.

Proof of Lemma 4.15. Assume that ¢ = (M, mg, upd, nxt) which satisfies the

requirements of Definition 4.14 gives a mean payoff of 0 in the energy dimension.
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Let € = (s9,mg) —= (s51,m1) —= ... (sk,mz) = (so,m;) be a simple cycle of
length k in M(B)°.

> Claim 4.16. For any cycle € in M7, ef£(€) = 0.

Proof. We have Pai®(0(j,)) = 1, and P2 (MPy(> 0)) = 0. The former implies
that MP;(> 0) surely. In fact, it can be never be the case that eff(€) < 0 as
otherwise EN; and hence 0(j,) is not satisfied almost surely. If eff(€) > 0 for
some €, this then implies a positive mean payoff since M? is an irreducible, finite

Markov chain, a contradiction. Hence, eff(€) = 0. <

We construct a strategy o’ which follows Definition 4.14 such that it almost
surely satisfies positive meanpayoff in the energy dimension along with 0(js) i.e.,
P;\:[S(B)(O(js) N MP;(> 0)) = 1. Since B is a WEC of Type-I, there is some cycle
C=sy % ... %% 5, = 55 with positive effect. And since effect of every cycle
in M7 is 0, this implies that the reward along any path between two given
states of M? must be identical. Also, every edge in Eg occurs somewhere in
M? by definition of o. Let the edge s; —= 5,1 in C occur at memory mode
a; i.e., (si,3;) —= (8i41,a}). a) may or may not be the same as a;;. However,
irreducibility of the Markov chain implies there are paths p;;1 connecting (s;41, a})
to (si41,a:41). Consider the cycle (sg,a0) —= (s1,a)) *) (s1,a1) ... iy
(S0,a0). The effect of the entire cycle is 0 by Claim 4.16 and C is part of this cycle.
This implies that the sum of effects of all the paths p;,; is negative and therefore
at least one p;,1 has negative effect. The strategy o’ simply bypasses this path
and updates the memory mode directly to a;;; with some small probability. For

some sufficiently small € > 0
with probability (1 — ¢) follow o at (s;,a;)
with probability e, directly move to (s;11,a:41)

Observe that it doesn’t matter if s; was a random or a controlled state as the
final destination for both edges is the same with only the memory mode being
different, so ¢’ is a valid strategy which updates its memory stochastically.

It is easy to see that ¢’ also induces an irreducible Markov chain with every
edge in E'p occurring at least once, and that the energy objective EN(j) is satisfied
as the shortcut introduced has a positive effect on the energy level. Furthermore,

for sufficiently small ¢, it doesn’t change the mean payoff in other dimensions by
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much thereby still ensuring that ¢’ satisfies MPp 4(> 0). Finally, the addition of
this new edge now causes the mean payoff in 1! dimension to be strictly > 0 as
there is now at least one (complex) cycle with positive weight and still no cycles

with negative weight from the properties of o. <

Lemma 4.15 shows that it is possible to win both Gain and Bailout almost
surely in M(B) from every state in ¢ € B whenever B is a Type-1 WEC. Le.,
q € AsMB) (MP[17d](> O)) Moreover, the minimal safe energy for Bailout in
M(Q) from q is exactly j,, that is ¢ € ASM®B)(EN,(j,) N MP;(> 0)). Thus, M(B)
satisfies the conclusion of Lemma 4.7, i.e., it behaves like M*.

Therefore, the strategy o3y, 5, 7 ;. defined in Section 4.4, is almost surely
winning 0(j,) in M(B). We can now carry over the analysis on the memory
bound b for M* from Lemmas 4.10 and 4.11 to M(B). The only difference is that

the size is now measured in |[M(B)|| < || M||. So we obtain the following lemma.

» Lemma 4.17. If B is a WEC of Type-1, there exists a bound
bp = O(exp(||M(Q)||°M)) such that for all ¢ € B

P a00) = 1.

*
Oalt,zy,2g,bp’

By Remark 4.12, it is also true that Po./-\gifz,Zg,bBﬂ(O(jq) N Infix(bg)) = 1.

Note that, if there is no positive effect cycle in B, there cannot be any cycle
with negative effect as well since every cycle is taken infinitely often in a WEC. So,
in contrast to Type-1, if B is such that ef£(C) = 0 for every simple cycle C, then
B is called a WEC of Type-II. But this implies that the maximum fluctuation in

energy level is at most |Sg| - R < |S|- R. Therefore, we get the following.

» Lemma 4.18. For every WEC B of Type-11, there is a finite-memory strateqy
op with a constant by € O(|S|- R) such that

PMB)(0(5,) N Infix(bg)) = 1.

opB,S
We are now ready to prove Lemma 4.13.

Proof of Lemma 4.13. We provide the bounds based on the type of the end
component M(B). First observe that B is a WEC as o acts as a witness by
satisfying the requirements of Definition 4.14. If B is a WEC of Type-II, then
by Lemma 4.18 the minimal energy j, required to win from any state ¢ in Sp is
< |Sg|-R < |S|- R and the constant bp is bounded by O(|S| - R). Choose o5 and
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bg be the strategy and the constant from Lemma 4.18 in this case. Otherwise, B
is a WEC of Type-I. Therefore, j, in this case would be the same as the minimal
energy to satisfy Bailout which by Lemma 4.5 is < |Sg|R < |S|R. By choosing

. .
OB 88 041 7, 7, bye With bp from Lemma 4.17, we are done. <

Since the minimal safe energy levels inside these end components are not too
large, one can then bound the energy fluctuations in paths before they reach any

such end component M(B).

» Lemma 4.19. Let T denote the union of all Sg of every BSCC B of M?,
as in Lemma 4.13. Then one can almost surely reach any state in T' with the

corresponding minimal safe energy level with energy fluctuations of at most 3-|S|- R.

Proof of Lemma 4.19. It is clear that o is also a witness for EN; (i) N F7. But
by [CD11a, Lemma 2], this can be achieved with at most 2|S|R fluctuation in
energy. However, since we also need to ensure we maintain the necessary minimal
energy level, one can then simply encode the energy level into the state space of
M and enlarge M up to (1 + 2)|S|R. So the states of this new MDP M’ will now
be S x [0,3|S|R]. Let T = U,cg, ¢ % [i},3|S|R]. Then, it is not hard to see that
when starting from (s,is) in M’, one almost surely satisfies F 7". (Move according
to o until you hit the maximum energy level of 3|S|R, at which point switch to
one of the winning strategies for EN;(-) N F 7" which uses only O(|S|- R) memory
modes.) Therefore, one can reach a state ¢ in a BSCC with its safe energy level

with a fluctuation of at most 3|S|R. <

Proof of Theorem 4.1(Item 2.) By Lemmas 4.13 and 4.19, for each state s, one
can choose a strategy o and some constant b € O(exp(|[M]|°D)) such that
P21(0(is) N Infix(b)) = 1. This means if one encodes the energy levels between
[0, 0] into the state space by discarding any excess energy above b and redirecting
all the transitions which result in a negative energy to a losing sink (for MPpp 4 (> 0))
and constructs this larger MDP M|0, b], then there is a strategy ¢’ such that
P (WP (> 0)) = 1 for every k € [i,,b]. Then, by Lemma 4.6, there also
exists a memoryless (MR) strategy o* in M|0, b] which is almost surely winning
MPpo 4 (> 0) from (s, k).

We can carry the memoryless strategy o* in M|0, b] back to M as a finite-
memory strategy oy, with memory [0, b]. It stores the encoded under-approximated

energy level from M0, b] in its finite memory instead. Thus, o’ is a finite-memory
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strategy from s that satisfies 0(is) almost surely, and the size of its memory is
bounded by b € O (exp(||M]°D)).

The strategy o)}, uses randomization, because o* from Lemma 4.6 is MR.
However, the MR strategy ¢* for the mean payoff objective could be replaced by
a deterministic strategy with an exponential number of memory modes. Hence,
the overall number of memory modes in the obtained deterministic version of o’y

is still only exponential. <

4.6 The Boundary of Finite Memory: Non-strict
Objectives

The results in Items 1. and 2. establish that finite memory suffices for Energy-
MeanPayoff when the MeanPayoff requirement is strictly positive (i.e., MP > 0).
In this section, we show that this property does not hold for non-strict inequalities.
Specifically, for the objective 0> = ENy (k) N MPy(> 0), almost-surely winning

strategies may require infinite memory, even in the case of d = 2.

Counterexample Construction

We adapt the counterexample for Energy-co-Biichi objectives from [MSTW17,
Page 4]. Consider the MDP M- depicted in Figure 4.3. The state space is
S ={D,A,C, B}, where D is a random state and A, C, B are controlled states.

The rewards r € Z? on the transitions are defined as follows:

From D (Random):

D 22 A with reward (+1,0).

D 2 ¢ with reward (—1,0).
From C' (Controlled):

C' — D with reward (+1,0).

C — B with reward 0.
From B (Controlled): B — A with reward (0, —1).

From A (Controlled): A — D with reward 0.
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50
T
A
\/
(+1,0)
(0, —1) (-1, 0) 3;0

Figure 4.3: The MDP M inspired by [MSTW17, Page 4]. The reward vectors are

(ren, wp). State B incurs a penalty in the MeanPayoff dimension.

The first dimension represents energy, and the second represents the Mean-

Payoff value. The only negative reward in the second dimension is on B — A.

Necessity of Infinite Memory

We prove that winning 0> almost surely from D (with initial energy k£ = 1)

requires infinite memory.

» Proposition 4.20. In M-, there exists an infinite-memory strategy winning
0> almost surely from D with initial energy 1, but no finite-memory strategy can

do so.

Proof. Infinite-Memory Strategy. Consider the strategy o, that tracks the
current energy level e. At state C, o, plays:
o(C) = B ife=1
D ife>1
At all other states, the choice is deterministic.

Energy Safety: The only transition with negative energy cost is C' — D (cost
—1). If the current energy at C' is e > 1, choosing C' — D results in energy
e — 1 > 0, which is safe. If e = 1, the strategy avoids this edge and chooses
C - B —- A — D. The energy accumulated along C' - B — A — D is
040+ 1 = +1. Thus, the energy always stays above zero.

MeanPayoff: Whenever e > 1, the system behaves as a random walk on the
energy levels. From D, the expected change in energy for one return to D is:

2 1 1

E(Ae) = Z(1) +5(-1) =3 >0.
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Since the drift is strictly positive, the random walk is transient. Specifically, the
probability of the energy level ever returning to 1 (and thus requiring a visit to B)
decreases as the energy increases. By the standard properties of transient random
walks (Gambler’s Ruin on an infinite domain with positive drift), the energy level
1 is visited only finitely often almost surely. Consequently, the state B is visited
finitely often almost surely. Since the only negative reward in dimension 2 is on
the transition from B, the total accumulated penalty is finite. Thus, the limit
average reward is 0, which satisfies MPy(> 0).

Note that 0., uses infinite memory since it is remembering the exact energy
level.

Finite-Memory Failure. Suppose there is a winning finite-memory strategy
os. This induces a finite Markov chain A. Consider any Bottom Strongly
Connected Component (BSCC) S reachable in A.

Case 1: S contains B. In this case, B is visited infinitely often with
a strictly positive limit frequency mp > 0. The transition B — A incurs
a reward of —1 in the second dimension, while all other transitions yield
0. The MeanPayoff is —75 < 0. Thus, o loses the MeanPayoff objective

almost surely.

Case 2: S does not contain B. Then, eventually, the run stays in
{D, A,C} and always chooses C' — D. This induces a random walk on the
energy level with steps defined by the transition probabilities at D. Even
with positive drift, a random walk on N starting at any fixed finite energy
k has a strictly positive probability of hitting 0 (ruin) if the step sizes are
bounded and probabilities are non-trivial. Since oy cannot "bail out” to B

(as B ¢ 9), the energy objective fails with positive probability.

Since any finite-memory strategy must eventually settle in a BSCC, it must either

fail the MeanPayoff objective or the Energy objective. <

4.7 The Lower Bound (Proof of Item 3.)

In the previous sections we have shown that finite memory suffices for almost
surely winning strategies for the Energy-MeanPayoff objective. However, the
required memory depends on the given MDP. We show that no fixed finite amount

of memory is sufficient for all MDPs. In fact, the required memory is exponential
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in the transition probabilities even for an otherwise fixed 5-state MDP with just

one controlled state, R =1 and d = 2.

» Definition 4.21. Let 1 > § > 0 and Ms = (S,Sg, S0, E, P) be an MDP
with 2-dimensional rewards. It has just one controlled state s with transitions
s — s, and s — s.. From s, there are two transitions e; = (s, — s;) and
ea = (51 — s?). Let Pey) = (149)/2 and P(ey) = (1—10)/2 and r(ey) = (+1,+1)
and r(ey) = (—1,—1). s} and s? are random states which each have just one
transition back to s with probability 1 and reward 0. From s, there is only one

transition es back to s with probability 1 and r(e3) = (+1, —1).

The following lemma directly implies the exponential lower bound on the

number of memory modes in Theorem 4.1(Item 3.).

» Lemma 4.22. Consider the Energy-MeanPayoff objective. For every finite
bound m € N on the number of memory modes there exists a § = 1/(6m) > 0
such that the finite MDP My = (S, Sg, So, E, P) from Definition 4.21 satisfies

the following properties.

1. 3o’ 73;\,/[;5 (ENy(0) N MPy(> 0)) = 1, i.e., it is possible to win almost surely

from s in Mg, even with initial energy 0.

2. For every finite-memory strateqy o with < m memory modes we have
P25 (ENy (k) N MPy(> 0)) = 0 for every k € N, i.e., o attains nothing in Ms,

regardless of the initial energy k.

3. For Mg we have |S| =5, d =1 and R =1. The number of memory modes
required for an almost-surely winning strategy in M is exponential in || P||

(and in || Ms]|).

Proof. Towards item 1, consider a strategy o’ that plays as follows. It keeps a
counter that records the current energy, which is initially 0. Whenever the current
energy is 0, it plays s — s,, otherwise it plays s — s;. Thus ¢’ satisfies EN;(0)
surely from s. Since § > 0 it follows from the classic Gambler’s ruin problem (with
strictly positive expected gain, here in the first reward dimension) that ¢’ plays
s — s, only finitely often, except in a null set of the runs.Therefore, the expected
mean payoff (in the second dimension) under o’ is (1 +4)/2 — (1 —4)/2 =9 > 0.
Hence 77;\,4;5 (MP2(> 0)) = 1. Since the energy objective is satisfied surely, we obtain
P2 (ENL(0) N MPy(> 0)) = 1.



Chapter 4. FDD Strategies for AS Energy-MeanPayoff in MDPs 81

def

Towards item 2, let 6 = 1/(6m) > 0 and let o be a finite-memory strategy with
< m memory modes. Consider the finite-state Markov chain C that is induced by
playing o from s in M. This Markov chain has < 5bm states, since M has 5 states
and ¢ has < m memory modes. Let B be any BSCC of C that is reachable from s
and the initial memory mode of ¢. In particular, |B| < 5m. In B there must not
exist any loop that does not contain s,, because otherwise the energy objective
cannot be satisfied almost surely. Thus every path in B of length > 5m must
contain s, (and hence a reward (+1,—1)) at least once. Therefore, the expected
mean payoff in B (in the second reward dimension) is < 5md —1 = —1/6 < 0.
Since this holds in every reachable BSCC, we obtain P (MPy(> 0)) = 0 and thus
PMs(ENy (k) N MPy(> 0)) = 0.

Towards item 3, the size of M; follows from Definition 4.21. By items 1 and 2,
the required number of memory modes m for an almost-surely winning strategy
satisfies m > 1/(66). Since || P|| = ©(log(1/d)) and || Ms|| = O(||P||), we obtain
m = Q(exp([|Pl[)) and m = Q(exp([| Ms]])). <

The exponential lower bound on the required memory does not require prob-
abilities encoded in binary like in Lemma 4.22. One can construct an equivalent
example with polynomially many states where all transition probabilities are 1/2.
This is because one can encode exponentially small probabilities 2~* with a chain

of k extra states and transition probabilities 1/2.

4.8 Computational Complexity

We have shown that the existence of an almost surely winning strategy for the
Energy-MeanPayoff objective for a given state and initial energy level in an MDP
implies the existence of a deterministic such strategy with exponentially many
memory modes (unlike for Energy-Parity which requires infinite memory in general
[MSTW17]).

A related problem is the decidability of whether a given state in an MDP
and a given initial energy level admit an almost surely winning strategy for
Energy-MeanPayoff. This problem is decidable in pseudo-polynomial time, using
an algorithm very similar to the one for Energy-Parity presented in [MSTW17].
Le., the time is polynomial, provided that the bound R on the rewards is given

in unary. Transition probabilities in the MDP can still be represented in binary.
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The crucial point is that it suffices to witness the mere ezistence of an almost
surely winning strategy, regardless of its memory. Basically, it suffices that the
algorithm proves that the infinite-memory strategy o3y, 5, 7 wins almost surely
(plus a small extra argument about a corner case where the energy fluctuates
only in a bounded region). The algorithm does not need to compute the bound
b or to explicitly construct the finite-memory strategy o3y, , , - The complete
decision procedure, combining the bounded case analysis and the greatest fixed

point computation for the unbounded case, is detailed in 77 1.

» Proposition 4.23. Let M = (S, Sg, So, E, P) be an MDP with d-dimensional
rewards on the edges v : E — [—R, R]%. For any state s and k € N, the existence
of an almost surely winning strategqy from s for the multidimensional Enerqgy-
MeanPayoff objective ENy(k) N MPa,q(> 0) s decidable in pseudo-polynomial

time (i.e., polynomial for R in unary).

Proof. The proof is similar to the one for Energy-Parity presented in [MSTW17].
The decidability relies on identifying a stable winning region W' where the
alternating strategy o7, is viable. This requires that from any state in W7, the
player can win both Gain and Bailout without leaving W7, or safely switch to
the bounded winning mode.

Step 1: Bounded Winning Mode (Type-II). We first analyze the case
where the objective is won with bounded energy. Any such winning run consists
of a transient phase followed by a Recurrent set (Type-Il WEC) where energy
fluctuations are bounded. By Lemma 4.19 (transient phase) and Lemma 4.18
(recurrent phase), the total energy required is bounded by Bio € O(|S] - R). We
compute the function h : S — NU {oco}, where h(s) is the minimal initial energy
required to win MP[z ) (> 0) almost surely while maintaining energy within [0, Bio].
This is computable in pseudo-polynomial time on the state space S X [0, By ).

Step 2: The Augmented MDP M. We construct M! from M by
adding a winning sink sy,. For every s with h(s) < oo, we add a transition
S — Swin With reward (—h(s),0). This matches the structure of the theoretical
M* from Lemma 4.3, but replaces the unknown finite-memory thresholds f; with
the computable bounded thresholds h(s). Since any winning strategy is either
bounded (captured by k) or pumping (captured by the alternating strategy), this
approximation suffices.

Step 3: Greatest Fixed Point Iteration. We identify the stable region
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via the greatest fixed point of an operator W. Let U C S. We define the restriction
MT[U] as the MDP where we retain states UU{syin }. Crucially, for the almost-sure
setting:

A random vertex s € U N Sq is retained in MT[U] if and only if all its
transitions in M lead to U U {8y, }. If any transition leaves this set, s is

removed (losing).

A player vertex s € U N Sy is retained if at least one transition leads to
U U {Swin}.

We define U(U) = AS ptip)(Gain) M AS i1 (Bailout).
AS(Gain) is computable in polynomial time (Lemma 4.6).

AS(Bailout) is computable in pseudo-polynomial time. Since Bailout(k) =
EN; (k) NMP; (> 0), we also compute the minimal energy gy (s) required to
win Bailout in MT[U]. By Lemma 4.5, gy (s) < |ST[U]] - R.

The sequence W, = W (W;) converges to a fixed point WT. Let g*(s) denote the
minimal energy for Bailout in WT. A state-energy pair (s, k) is winning if and

only if (s € WI Ak > g*(s)) V k > h(s). <
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Algorithm 1: Deciding Almost-Sure Winning for Energy-MeanPayoff

Input :MDP M, state s, initial energy k
Output : TRUE if s € AS(EN; (k) N MP2,4/(> 0)), else FALSE
// 1. Compute Minimal Bounded Winning Energy (Type-II)
Biot < Poly(|S|, R); // Bound from Lemma 4.19 + Lemma 4.18
Construct My, with states S X [0, Biot];
Compute winning set Wy, for MPj2 g (> 0) in Meyp;
foreach ¢ € S do
t h(q) <— min{e | (g,e) € Wexp} (set to oo if empty);

// 2. Construct Augmented MDP
MT <~ MU {8y };
foreach ¢ € S such that h(q) < co do

t Add transition ¢ M Swin to MT:

// 3. Greatest Fixed Point for Unbounded Case

Weurr <= 85 Wirev < 0

g(q) < oo for all g € S;

while W, # Wy, do

Worev <= W

Miup, + Restrict AS(MT, Weyr U {Swin}); // Remove random
states leaking out of Wiy,

Sgain < AS(Gain) on Mgy;

(SBailout, Jnew) < SolveBailout(Msyyp,); // Returns winning set
and min energy map ¢

Wcurr — SGain N SBailout;

g <_ gnew;

return (s € Weur Ak > g(s)) V k > h(s);




Chapter 5

Mean-Payoff-Parity and Lifting
Strategies from MDPs to 2-Player

Stochastic Games

5.1 Overview

In Chapters 3 and 4, we saw methods which are designed w.r.t. a particular
conjunction of objectives. Fixing an arena model, and a question, it is a priori
unclear if there is a single proof technique which works for both energy—parity and
energy—meanpayoff simultaneously. For example, if one considers the problem of
computing the almost surely winning set of states and the respective strategies in
a maximizing MDP for both objectives, the proofs have largely similar structure
and ideas [MSTW17, DM24]. Indeed, the latter paper is inspired by the former
one. At the same time, both the proofs also consist of elements which are
particular to their objectives. Abstracting out these differences could help us
unify these proofs and understand the objectives better. Some previous works
of this flavor assume some general conditions the objective satisfies and prove
results on the strategy complexity for these objectives. We extend some results in
this direction in this chapter. Specifically, we consider the strategy complexity
with randomization. [GK23, MSTW21] lift finite-memory deterministic update
strategies for Max from MDPs to 2-player stochastic games for shift-invariant
inverse-submixing objectives. Their lifting causes an exponential blow up in the
number of memory modes required in games. In Section 5.3, we first observe that

the lifting technique proposed also generalizes to strategies with stochastic update

85
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functions. We also show a matching lower bound, i.e., the extra exponential
memory is required in general. Though these lifting style theorems are usually very
useful since it means one only has to deal with the simpler model of MDP, we show
the downside of applying such a general theorem. For positive-meanpayoff—parity
(MP > 0 N EPAR) objective which is shift-invariant and inverse-submixing, FDD
optimal strategies with exponential memory in maximizing MDPs are shown to
exist in [GOP11]. They also give a matching lower bound. By the lifting result, this
implies that with deterministic strategies, exponential memory is both necessary
and sufficient for Max in stochastic games to play optimally for MP > 0 N EPAR.
We consider what happens when one uses randomization. In MDPs, we show that
memoryless randomized strategies suffice to play optimally. However, lifting these
strategies with improved memory bounds still produces an exponential number
of memory modes in games. We show that this is excessive for MP > 0 M EPAR,
optimal strategies only need memory modes at most #(distinct even colors). These
strategies use randomization in their memory updates which wasn’t necessary in
the case of MDPs. We also show a family of games where at least this much of
memory is required to play optimally, thereby proving that the bounds are tight.
The bit size of the optimal strategy was shown to have exponential dependency on
k, the number of even colors. These results are presented in Section 5.4. Finally,
in Section 5.5, we consider a different lifting strategy based on [GZ09, BORV23|
which lift memoryless (resp. finite-memory) deterministic strategies from MDPs
(resp. 1-player games) to 2-player games cannot be generalized even to memoryless
randomized strategies, even under very strong assumptions. l.e., we present

stronger counterexamples than the ones given in [BORV23, Van23].

Contributions. The results in this chapter are based on the work submitted
to STACS 2026.

5.2 Related Work & Contributions

We consider the strategy complezity (i.e., the required memory and randomization)
of optimal strategies in SSGs. Given an objective, how does the strategy complexity
in SSGs compare to the strategy complexity in MDPs, and can optimal strategies

in MDPs be adapted (aka lifted) to work in SSGs.

Lifting strategies from MDPs to SSGs for shift-invariant inverse-submixing
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objectives. Optimal and e-optimal finite-memory (randomized or deterministic)
Max strategies for shift-invariant inverse-submixing objectives can be lifted from
MDPs to SSGs with an exponential increase in the number of memory modes
(using n extra bits of memory in binary-branching games where n states are
Min-controlled) [GK23, Theorem 1.2]. (A restricted subcase of this was observed
in [MSTW21, Theorem 6].) Note that the assumption of a shift-invariant inverse-
submixing Max objective implies that Min has optimal memoryless deterministic
(MD) strategies in MDPs/SSGs by [GK23, Theorem 1.1}, since this objective is
then shift-invariant and submixing for Min.

In Section 5.3 we describe a class of examples for the multi-dimensional MP > 0
objective that shows a corresponding lower bound, 7.e., the extra exponential
memory for Max in SSGs is required in general. This solves the question in
[GK23, end of Sec. 6.1]. Though Max has optimal memoryless randomized
(or, alternatively, finite-memory deterministic) strategies in all MDPs, optimal
Max strategies in deterministic 2-player games require an exponential number of
memory modes, even if randomization is allowed.

Strategy Complezity of Mean-Payoff-Parity. The mean-payoff-parity objective
is defined as MP > 0 N EPAR. The objective is to attain a strictly positive
mean payoff while also satisfying a parity objective. It is shift-invariant inverse-
submixing, and hence suitable for the lifting of Max strategies from MDPs to SSGs
as in [GK23, Theorem 1.2]. With deterministic strategies, Max already requires
an exponential number of memory modes even in MDPs [GOP11, Fig. 1], and
hence the extra memory used in the lifting construction (n extra bits of memory
for n Min-controlled binary-branching states) still yields an exponential upper
bound on the number of memory modes required in SSGs.

The situation is different for randomized strategies. In Section 5.4 we show
that Max has optimal memoryless randomized strategies in MDPs. However, the
lifting construction of [GK23, Theorem 1.2] would still yield exponentially many
memory modes for Max strategies in SSGs. We show that optimal Max strategies
for MP > 0 N EPAR in SSGs require (at least and at most) just polynomially many
memory modes, equal to the number of even colors. I.e., MP > 0 N EPAR is easier
than the exponential worst case for the lifting construction demonstrated in our
lower bound. This is an interesting example where randomization in strategies
drastically reduces the amount of memory required, but does not eliminate the

need for memory entirely.
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Comparison with Non-strict Mean-Payoff-Parity. Note however that none
of this applies to the different mean-payoff-parity objective with a non-strict
inequality MP > 0 N EPAR. Optimal strategies for this objective are known to
require infinite memory even in deterministic 1-player games (and thus also in
MDPs/SSGs) [CHJ05], due to the possibility of satisfying the non-strict mean-
payoff condition by taking the negative rewards infrequently. So, even though the
total reward tends to —oo, one can achieve a mean-payoff of 0 by taking longer
and longer durations to go down. However, such runs are not winning for strict
positive mean-payoff which is the main distinction between non-strict and strict
versions of mean-payoff.

Lifting deterministic strategies from MDPs to SSGs. A different lifting construc-
tion with orthogonal preconditions was described in [GZ09, Theorem 9]. Given
an objective, if the players have optimal memoryless deterministic strategies in
all maximizing (resp. minimizing) MDPs, then they also have optimal memory-
less deterministic strategies in all SSGs. Under mild assumptions, this can be
generalized to finite-memory deterministic strategies [BORV23, Theorem 4.1] (in
stochastic or non-stochastic arenas).

Such results do not generalize to randomized strategies, even under very strong
assumptions. In Section 5.5 we present stronger counterexamples than the ones
given in [BORV23, Van23].

5.3 Lifting Strategies from MDPs to 2-Player
Stochastic Games for Shift-Invariant

Inverse-Submixing Objectives

The finite memory transfer theorem of Gimbert & Kelmendi [GK23, Theorem 1.2]
shows that finite-memory Min (resp. Max) strategies can be lifted from MDPs to 2-
player stochastic games if the payoff function is both shift-invariant and submixing
(resp. inverse-submixing). This is a consequence of the following slightly stronger
theorem. (Adapted to our notation, because we consider objectives from Max’s

point of view.)

» Theorem 5.1 ([GK23, Theorem 6.1]). Let f be a shift-invariant and inverse-
submixing payoff function. If, for all € > 0, Max has an e-optimal strateqy with

finite memory in every finite-state MDP, then in every finite-state turn-based
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two-player stochastic game he has an e-subgame-perfect strategy that has finite
memory.

The statement also holds for € = 0, that is: if Max has a finite-memory optimal
strateqy in every game controlled by himself, then in every two-player game he has

a subgame-perfect strateqy with finite memory.

The proof of [GK23, Theorem 6.1] also shows that deterministic (resp. random-
ized) Max strategies in MDPs are lifted to deterministic (resp. randomized) Max
strategies in the game. While [GK23] only consider strategies with deterministic
memory updates, their construction can also lift (from MDPs to games) strategies
with randomized memory updates. However, in [GK23, Theorem 6.1], the eztra
memory bits used by the constructed Max strategy in the game are always updated
deterministically.

The size of the memory used by Max’s strategy in the 2-player game is the
size of the memory needed in some derived MDPs of a smaller size than the game,
plus k - [log, d] extra bits of memory, where k is the number of Min-controlled
states and d is the maximal out-degree of these states. Thus, in general, Max uses
an exponential number of memory modes in the game, even if his good strategies
in all MDPs are memoryless (or use just polynomially many memory modes);
cf. [GK23, Sec. 6.1].

We show a corresponding exponential lower bound in Theorem 5.2. Even if
Max has optimal memoryless strategies in all MDPs, in general he still needs
exponential memory in the 2-player game, even if randomization is allowed. This
solves the question at [GK23, end of Sec. 6.1]. On the other hand, for some
objectives the construction in [GK23, Theorem 6.1] uses more memory than
necessary. In Section 5.4 we show that for the MP > 0 N EPAR objective Max
requires, at least and at most, a polynomial number of memory modes in stochastic
games. The lower bound holds even for the deterministic games.

The multi-dimensional MP > 0 objective is shift-invariant (by definition) and
inverse-submixing (by [BBE10b, Lemma 6] for dimension 1, and the fact that
event-based inverse-submixing objectives are closed under intersection). Moreover,
by [BBC*14, Prop. 5.1], almost surely winning strategies for MP > 0 in MDPs can
be chosen as memoryless randomized. However, the games in Figure 5.1 (similar
to [CRR14, Fig. 4] but with tolerance) show that even randomized Max strategies

need exponentially many memory modes.
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Figure 5.1: In the game Gy, optimal Max strategies for MP > 0 for 2k dimensions
require at least 2 memory modes. We have 2k-dimensional reward vectors e; such
that e;[2¢ — 1] = +1, e;[2i] = —1 and 0 elsewhere. The special vector § = (9, ...,9)

def _ . . .
has value § = 272% in every dimension.

» Theorem 5.2. There is a family of deterministic games Gy, with 6k states as in
Figure 5.1, such that every state is almost surely winning for the 2k-dimensional
MP > 0 objective for Maz, but any randomized Maz strategy with < 2% memory

modes cannot win almost surely.

Proof. Consider the games G, from Figure 5.1 with 6k states. The dimension
of the rewards 2k is split into k& blocks of 2 dimensions each and the reward
vector e; is (+1,—1) on the i-th block and zero elsewhere. First Min makes k
decisions, choosing between e; and —e; for each + = 1,2, ..., k. Then Max makes
k decisions, choosing between —e; and e; for each : = 1,2,... k. Max can win
MP > 0 surely (from s; and thus from every other state) by exactly copying Min’s
choices such that these rewards cancel out, which leaves just the strictly positive
reward vector & = (272, ..., 27%) > 0 between each visit to s;. (Since § can be
described with a number of bits that is polynomial in &, G has polynomial size.)

Intuitively, Max needs at least 2¥ memory modes to remember which of the 2*
possible choices Min made, in order to copy it. While this is easy to prove for

deterministic Max strategies, we show a stronger result: Even randomized Max
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strategies with < 2¥ memory modes cannot win almost surely.

Let o be an arbitrary randomized Max strategy with m < 2¥ memory modes.
Overall, for the k choices in the states s, ..., s, Min has 2* different possible
options, which we denote by index numbers j € {1,...,2%}. (Similarly for Max’s
options in states ¢1,...,t;.) Let m; be the deterministic Min strategy that always
plays option j forever. Let m be the randomized Min strategy which initially picks
aje{l,...,2F} with equal probability 27, and then plays m; forever. Now we
show that Pyt . (MP > 0) < 1.

Let M. g be the Markov chain derived from G by fixing o and 7;. If M,g is
irreducible and aperiodic then let P be the 2¥ x m matrix such that P(j, i) is the
probability, in the steady-state, that o is in memory mode i € {1,...,m} in state
t1. (It is also possible that M,g is reducible, since it has a memory component
from the strategy o as part of its state. If o is such that it would never visit
certain memory modes again eventually, then this makes M,g reducible. In this
case, we consider an irreducible subchain. If M,z is periodic then consider the
long-run average frequency of being in memory mode ¢ in state t; instead of the
probability in the following arguments.) Let @ be the m x 2¥ matrix where Q(i, 5)
is the probability that ¢ will play option j in states ti,..., 1 if it is in memory
mode ¢ in state t;.

The probability that Max will play option j in M, g in the long run is then given
by (PQ)(4,7), the j-th diagonal value in the product matrix. Since m < 2%, the
2F % 2% matrix PQ does not have full rank. Thus at least one of its eigenvalues is
0. Moreover, since both matrices P and () are row-stochastic, the absolute value
of the eigenvalues of P(@) are upper-bounded by 1. So the sum of the eigenvalues of
PQ is upper-bounded by 2¥ — 1. The Cayley-Hamilton theorem implies that the
trace is the sum of the eigenvalues. This yields an upper bound on the trace of PQ),
namely 7r(PQ) = Z?il(PQ)(j,j) < 2% — 1. Hence there exists a j/ such that
(PQ)(4',7) <1—27% So, in M,g/, the long-run probability that Max will pick
some option different from j’ is at least 27%. Hence there exists at least one option
4" # 4" that is picked by Max in the long run with probability > 27#27F = 272
Since j” # j, there exists at least one block of two dimensions, say x and = + 1,
where Max choosing j" has effect (+1, —1) and j” has the opposite effect (—1,+1)
(or vice-versa; this case is symmetric). Thus, between two visits to state s;, the
expected reward in dimension z is < —2-272% + § = —272k < (. Therefore, in

M ,z,, the MP > 0 objective is satisfied with probability zero, since it almost surely
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j/
fails in dimension z. Le., P%’r“j/,sl(MP >0) = 0.
Since Min’s strategy 7 initially decides to become 7; with probability 27, we

obtain that Pk (MP > 0) <1—27%(1 — Pﬁﬁé,,sl MP>0)=1-2F<1. <

5.4 Strategy Complexity of MP > (0 N EPAR With

Randomization

In this section, unless otherwise stated, we consider the one-dimensional MP >
0 N EPAR objective, where Max needs to attain a strictly positive one-dimensional
mean payoff while also satisfying a max-even parity condition. These are defined
via a reward function r and a coloring function C'ol. W.l.0.g. we assume that the
range of r is C [—R, R] for some R > 0 and the colors are either {0,1,...,d} or
{1,...,d}.

For almost surely winning strategies in MDPs, deterministic Max strategies
require O (exp(||M]|)) memory modes, i.e., exponential memory is both necessary
and sufficient [GOP11, Theorem 5.

We show that randomized Max strategies require less memory: none in MDPs

and just polynomially many memory modes in stochastic games.

» Theorem 5.3. In maximizing MDPs, almost surely winning strategies for the

multi-dimensional MP > 0 M EPAR objective can be chosen memoryless randomized
(MR).

Proof. We use the fact that, for any strategy, almost surely all the runs eventually
end up in an end component [DA97, Theorem 3.2]. In a finite-state MDP,
there can only be a finite (albeit exponential) number of end components. Let
M= (Sl, Sy, SY, Ex, Pl) be one such end component of M. We say that M, is
‘winning’ iff the highest color is even and S; C ASY(MP > 0). Given an almost
surely winning strategy o*, except for a null set, all induced runs must eventually
stay inside a winning end component. Thus from every almost surely winning

state it is possible to almost surely reach a winning end component.

>> Claim 5.4. Let M; be a winning end component. Then there is a memoryless
randomized strategy o* which is almost surely winning for MP > 0 N EPAR from

every state in M.
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Proof. By definition of a winning end component, we know that S; C AS21 (MP > 0).
From the proof of [BBC*14, Prop. 5.1 (ii)] we obtain that there exists a memory-
less randomized strategy &, for some € > 0, such that & almost surely wins MP > 0
from any state in Sy and ||||, the size of the probabilities used by &., is polynomial
in [|M;]|. Furthermore, every edge in E) is used with some positive probability.
This implies that &, also satisfies EPAR almost surely, since the highest color in

M, is even. <

Consider the union of all winning end components C in M. We obtain an almost
surely winning MR strategy for MP > 0 N EPAR from every state in M as follows.
Outside of C it plays an almost surely winning uniform MD strategy for the
reachability objective FC. Inside each maximal winning end component M; in C
it plays the MR strategy &, from Claim 5.4.

|

Although almost surely winning MP > 0 N EPAR has not been studied in the
case of stochastic games, since both MP > 0 and EPAR are shift-invariant and
inverse-submixing ([BBE10b, Lemma 6] for MP > 0, [GK23, Prop. 3.1]), the same
holds for the conjunction MP > 0 N EPAR. Applying Theorem 5.1 ([GK23, Sec. 6.1]),
implies that the memory required by Max in stochastic games is also ©(exp(]|G]|))
when considering deterministic strategies.

For general strategies, even with the improved upper bound in MDPs of The-
orem 5.3, the construction in Theorem 5.1 ([GK23, Sec. 6.1]) still only yields an
exponential upper bound on the memory of Max strategies in stochastic games. We
show that this is excessive in general. Optimal Max strategies for MP > 0 N EPAR
in stochastic games require, at least and at most, #(distinct even colors) many

memory modes (i.e., polynomial memory).

» Theorem 5.5. Consider a game G = (S, (Sg, So,S0), E, P), coloring function
Col with highest color d, reward function r and objective MP > (O M EPAR for player
Maz.

1. If Max can win almost surely from some state s then there also exists an
almost surely winning randomized Max strategy from s that uses at most k
memory modes and total bit size O <HQHd+C> where k = #(distinct even colors),

d the highest color, and c is a constant independent of G.
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2. The bound on the number of required memory modes for almost surely
winning randomized Max strategies is tight. There is a family of deterministic
games {G,, | n > 2} as in Definition 5.18 and Figure 5.2 such that

G|l = ©(n), G, contains n even colors and every state is almost

surely winning for Mazx.

For everyn > 2, any Max strategy with < n memory modes is worthless,

i.e., it cannot gquarantee MP > 0 M EPAR with any positive probability.

The idea of using randomization to reduce memory complexity is not new and
appears, e.g., in [CDGH15, Cha07, Hor09]. However, it is interesting to note that
the Max strategy still requires a small amount of memory even in the presence of

randomization and cannot be made memoryless, unlike in MDPs (Theorem 5.3)

Arena
MDPs M Stochastic games G

Strategy

Deterministic | O(exp(||M]|)) [GOP11] | O(exp(||G|])) [GOP11, GK23]

Randomized 1 #(distinct even colors) = O(]|G]|)

Table 5.1: Worst case number of memory modes required for almost surely winning

Max strategies for objective MP > 0 N EPAR in MDPs and stochastic games.

Table 5.1 highlights the strategy complexity of almost surely winning Max
strategies in MDPs and games for the MP > 0 N EPAR objective. Note that while
there is no explicit result for the complexity of deterministic winning strategies, the
results from [GOP11] and lifting this strategy using Theorem 5.1 ([GK23, Sec. 6.1])
provide tight bounds up-to a constant. The entries in the randomized row are our
contributions. The bit size of these randomized Max strategies is O(||M]|¢) and
(9<||g||2’“+“) in MDPs and games respectively, where k = #(distinct even colors)
and ¢ and c¢; are constants.

We sketch the main idea of the proof of Item 1.. It follows the induction
argument of [CDGO14, Lemma 2,3] along with strategy complexity analysis for
MP > (0 N EPAR instead of MP > 0 N EPAR. There are two cases, depending on
whether the maximum color in the game is odd or even.

If the maximum color d is odd, then the EPAR part of MP > 0 N EPAR requires

that this color must eventually never been seen any more (except in a null set of
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the plays). Using a ranking argument, we show that it is possible to partition the

state space into layers Zi,--- , Z, such that

Max can force the win in any one of these layers if the play stays there

forever.

Min cannot infinitely often switch between the layers, except in a null set of

the plays.

The above two facts can be combined to build a winning Max strategy. Interest-
ingly, this strategy does not use any additional memory, compared to the inductive
case with one less color. It can be seen as a combination of memoryless attractor
strategies on certain states, combined with almost surely winning strategies in
other states in subgames with at least one less color (using the IH).

If the maximum color d is even, Max tries wherever possible to reach a state of
this color but does so sufficiently infrequently, so that this does not compromise the
satisfaction of the positive mean-payoff objective. This is achieved by operating
in phases with Max playing either for MP > 0 N F(S(d)) or for MP > 0 N EPAR
in a subgame with at least 1 less color. Let S denote the set of states in the
game G, and X = Attry(S(d)) the positive attractor of states with color d in
G, Y = S\ X. Since G[Y] has at least 1 less color, by induction hypothesis let
oy denote the almost surely winning strategy for Max in G[Y]. Let oy denote
the optimal MD strategy for MP > 0 in G and oj},,, denote the positive attractor
strategy in states in X N.Sy. Then the optimal randomized Max strategy o* works

as follows.

Phase-1 If the current state is in X, play the mixed strategy eooj.er + (1 —€0)omp-
Le., play of,., with some sufficiently small probability ¢y > 0 and play oy
with probability 1 —¢ey. Else, play according to oyp. At every step, there is a
sufficiently small chance £; > 0 to stop this phase. This is done by changing
Max’s memory mode with probability 1. So Phase-1 stops eventually almost
surely, where the expected time to stopping depends on £;. This serves as a
makeshift probabilistic clock (since this strategy does not use a real clock).
After this phase is over, if the play is in X, restart Phase-1, else move to
Phase-2.

Phase-2 Play according to oy while the play is in Y. If the play ever moves to
X, switch to Phase-1.
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One has to choose ¢y, €1 > 0 so that the overall strategy is almost surely winning.
Intuitively, 9 > 0 is chosen so small that the mean-payoff is strictly positive in
Phase-1, but this holds only in the long run. Moreover, while Phase-2 also yields a
strictly positive mean-payoff in the long run, it might switch back to Phase-1 early
while the accumulated reward is still negative. (However, this possible negative
reward can be bounded, in expectation.) Therefore £; > 0 is chosen so small that
Phase-1 is played for a very long time (in expectation). Hence Phase-1 closely
approximates its long run behavior with strictly positive mean-payoff, and thus it
also compensates for any possible negative reward obtained during a temporary
switch to Phase-2.

Also note that this strategy uses randomization in both the memory updates
and the next move. Thus it is an FRR strategy. Furthermore, the strategy needs 1
additional memory mode (compared to strategy o) in order to know the current
phase. This is necessary, because it needs to play different strategies in Y: oy in

Phase-1 and o3 in Phase-2.

Proof of Item 1.( Theorem 5.5). The proof is by strong induction on the max-
imum color d.

Let P; denote the statement as given by Item 1.. We then prove the following.

Py (if minimum color is 0) (5.1)

P (if minimum color is 1) (5.2)

k>0(Vs < 2k P) = Py (5.3)
k>0(Vs < 2k+1.P) = Pous (5.4)

Base case: When there is only one color, EPAR is trivial( Equation (5.1)) or never
satisfied( Equation (5.2)) and hence MP > 0 N EPAR is equivalent to MP > 0 for
which MD strategies exist [BBE10a, Prop. 7]. Since d is either 0 or 1, either the
number of even colors is 1 or no almost surely winning strategy exists for Max.

Induction Step: Assume that the statement is true for all £k < d. W.l.o.g. one
can assume that every state s is almost surely winning as otherwise it is possible to
consider a subgame with states that satisfy this condition. To show that statement

holds for d, we split into two cases depending on whether d is even or odd.

> Claim 5.6 (Maximum Color Odd). Let d = 2k+1 be odd. Then there is an almost
surely winning Max strategy ¢* which can be constructed from a finite number of

o! which are finite-memory almost surely winning strategies in subgames with
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maximum color < d. Moreover, the number of memory modes in ¢* is equal to the
maximum number of memory modes in o}. If all o7 have rational probabilities,

then bits(c*) = O(D_, bits(a})) = O(|S| bits(o;))
Before going to the proof, we first prove a simple claim which we need.

> Claim 5.7 (Positive Attractor property). In a game G = (5, (Sq, So, S0), E, P),
a subset of the states H C S, and a finite-memory Max strategy ¢* that satisfies
the following condition: Vs € Attrg(H)Vm.inf, P .., (FH) > 0. Then the

following two properties hold.

1. P

*
g ?71—780

(GFH A GF (Attrp H)) = 0.

2. Furthermore, if H is a Min-trap and ¢* always remains inside G[H| after
entering H, then P,.  (FGH AGFH) = 0.

Proof of Claim 5.7. Towards Item 1., we use the facts that Attry(H) C S is finite

and ¢* is finite-memory to obtain that p = MiNgeprery () Mily inf; Pa*[m] J(FH)>

0. Hence P,.. . (GFH AGF(Attrg H)) = P, (GF(Attrg H)\GFH) <
(1-p)*=0
[tem 2. follows directly from the assumptions. <

It is easy to see that the above claim also holds true from the perspective of Min,
i.e., when Max and Min roles are reversed.

We now turn to the proof of Claim 5.6.

Proof. of Claim 5.6. For Max to win MP > 0 N EPAR almost surely, it has to
eventually not see any of the states from S(d) any more. To achieve this, we
‘rank’ the states in S(d) so that it is not possible for Min to force a move from a
lower ranked state to a higher ranked one. Ultimately, this implies that eventually
almost surely we are always inside states with the same rank. If we show that
Max can win here, then we are done. Formalizing this intuition, we need to show

that

1. There exists a partition {Z;}1<;<¢ of S and non-empty sets R;, U; for 1 <
i < ¢ where U; = S, and Uy, = () such that

(a). R; CU;\Ui(d) # 0 is a trap for Min in G[U;] and R; C
Asg[Ri](MP > 0 N EPAR) with corresponding winning strategy o

(b). Z; = Attro(Rs, GIUL])



Chapter 5. Mean-Payoff Parity and Lifting Strategies 98
(C). Ui+1 = UZ \ Zl

The states in Z; as defined above for 1 < ¢ < ¢ can be thought of as having
rank ¢. Note that finding a non-empty R; in U; fixes Z; and U;;;. The above
characterization can be seen as inductively defining the sets Z; as long as one
can find the non-empty set R;. The induction stops when U, is empty. The R;
is not unique and different R;’s thus give rise to different partitions. The claim
holds for any partition satisfying the above conditions. To explicitly find one such

non-empty R;, we can use the following claim.

> Claim 5.8. Let the maximum color d be odd and all states € AS (MP > 0 N EPAR).
Let ) € U C S be a trap for player Max. Define Xy = Attro(U(d),G[U]) and
Yy €U\ Xy. Then

Ry 2 as?PVl(Mp > 0 N EPAR) # 0.

Proof of Claim 5.8. Towards a contradiction, assume Ry = (). We’ll show that
this implies that there is a Min strategy @ = (M, mq, upd, nxt) always staying in
Yy such that for all states s € Y and all strategies o of player Max which always
stay in Yy,

PV (MP > 0 N EPAR) < 1.

o,m[mo],s
Let E<FGYy and F < E in G[U]. Then, F = GF Xy. By definition of X,
there is a MD Min strategy Tty from every Min state in Xy, Consider the

following Min strategy 7* = (M’, upd’, nxt’) where
M =M

nxt’(m,s) def 7TAttr,U(3> s € Xy

nxt(m,s) s € Yy

m sors € X
upd/(m, (s, ) = 4 )
upd(m, (s,s")) otherwise

Observe that 7*[mg] never leaves U. Consider any Max strategy o, start state
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se€U. Then P7 .. (MP >0 N EPAR)

_ DY g
= PU7W*[mO]7S(MP >0 N EPAR N F) +Po‘,7r*[mo],s(MP > (0 N EPAR N F)
_ gyl g
— U7W*[mo]7S(E) .PM*U[mOW(MP >0nN EPAR)/ +7>M*[mo]’s(MP >0 N EPAR N F)
P
g g
< Py remos,s () + P emo.s EPAR N GFU (d)z
by Cl:nr'm 5.7
g
< Pa,ﬂ'*[moLs(E) + 0
d is the max color and odd
g
< PU,Tr*[mo],s<E)
<1
which implies U ¢ AS_(MP > 0 N EPAR) a contradiction. <

Since U; = S itself is a trap for Max, Claim 5.8 implies existence of a non-
empty set R; such that Ry C Uy \ Uy(d) and Ry C Asg[Rl](MP > 0 N EPAR) (true
since a winning strategy never leaves the almost sure set of states). Define
7, = Attro(Ry, G[U4]) and let Us U, \ Z1. Observe that Us is a strict subset of
U; and is once again a trap for Max. If the highest color in Us is d, one can again
apply Claim 5.8 or else trivially take Ry & U, and the procedure stops.

For our purposes, any partition which satisfies Item 1. suffices for the proof.
Observe that U; = Ui:i Zy and U; D Ugyq. Also R; C Z; and R; C U; \ Us(d)
implies R; C Z; \ Z;(d). Furthermore, given o}[mg] = (M, nxt;, upd,) which is
winning from every state in R; and the uniform MD attractor strategies oy, ; to

R; in Z;, we construct a strategy o*[mo] = (M, nxt, upd) as follows.

w | Oreeri(8) s € Z;\ R; for some 1 <i </
nxt(m, s) = ’
nxt;(m,s) s € R; for some 1 <1i </

mo s € Z;\R;, s € Z; forsome 1 <i </
upd(m, (s,s)) = upd;(m, (s, s")) s, s € R; for some 1 <i</{

mg SEZi,SIGZjZ'%j

We assumed that all the strategies o share the same set of memory configurations
M and start in the same memory configuration my. If they are different, one can
take M such that |[M| = max;(|M;|) and simple renaming of the configurations in the

strategies so that every start configuration is renamed to my. From the definition,
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it is clear that ||o*| = max||0 | and bits(c*) = Zbits(nxt) + bits(upd,) =
O(|S]| bits(o7)). This takes care of the complexity part of the claim. We now show
that o*[mo] is almost surely winning from every state s.

Let 0; denote FG R; for each 1 < ¢ < ¢ and consider the event MP > 0 N

*[mo]ws( l) >0
as otherwise the conclusion obtained below is trivial. For every play p € 0;, let

EPAR N 0;. Fix some arbitrary strategy 7 for Min and assume P

the random variable T; denote the hitting time of a state which satisfies G R; and
X7, denote the state in which one enters R;. Also, let «; denote the distribution
of X7, and m; € Ilg[gr,) denote the Min strategy which simulates the play until
G R; in G and then plays according to m. Then

g
7)a*[mo],Tr,s<

MP >0 N EPAR N 0;) = PY

o*[mo],m, s(

MP >0 N EPAR | 0;) - P

o* mo 7rs( )

= 3 PGP > 0 N EPAR | X7, = 8') - PY(Xg, = 5’ 0,) - PY(0))
s'eR;
— pollidl

[mo],mi,0 (

- ’ng* [mo],m,s (OZ)

MP > 0 N EPAR) - PY e fmo]m,s(07)

From the above discussion, one can see that pY

_Pg

cr*mo ]

o [mo].m.s (MP > 0 M EPAR N J; 0;)

(U, 0;). If we show the latter event occurs Wlth probability 1, then we

are done with the converse since

PY, (MP > 0 N EPAR) > PY, MP >0 N EPAR N [ Jo; | =1.
o*[mo],m,s o*[mo],m,s '
Consider the complement objective and its probability 73 s Imo], s (U 0; ) which
can equivalently be written as Pg (mo),m s(ﬂ D'). Z; is the attractor for R; within
G|U;] where R; is also a Min-Trap. o*[mg| when in G[U;| satisfies the hypothesis

given in Claim 5.7. Therefore for every ¢,

PY (GFZ AGFR) |FGU;) = 0 (5.5)

(GFR; A D) |FGU;) = 0 (5.6)

o*[mo],m,s

P

o*[mo],m,s
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From (5.5), (5.6), one can then conclude

Pg*[mo]m(FGU N o) *[mo ”(FGU N GFR;)
U*[mo S(FGU N GFZ)
*[mo LFGU; N FGZ)

O’*[mo S( (Ul n Zl))
_ Pg*[mo Lms FGUH_l)

Since U; = S, FGU; is a sure event and hence

g nl — pd n "
P ol (ﬂ ol-) = P g | FGUL N 0 N ﬂoi

i i>1 )
1>2
1>]

= Pog'*[m()]Jr,s(F G Ul+1)

101

<

Remark 5.9. It is easy to see that the only property of MP > 0 used in the proof

was that it is shift-invariant. Hence, the above claim can be generalized to any

objective of the form 0 N EPAR with 0 being shift-invariant. However, the claim is

presented in its present form since this observation by itself is of little significance

if one cannot generalize the case with the highest color being even as well to utilize

the induction argument.

> Claim 5.10 (Maximum Color Even). Let d > 0 be even and assume there are k

even colors. Define X = Attrg(S(d),G) and Y = S\ X.
1. S C ASZ(MP > 0 N EPAR) if and only if

S C As¢(MP > 0) and

v C asfM(MP > 0 N EPAR)
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2. Let o3 denote a Max strategy in G[Y], which has finite memory and is
almost surely winning from every state in Y. Then an almost surely winning
Max strategy o* in G can be constructed such that [[o*| = 1+ [|o}].
Furthermore, if all the probabilities in o} are rational, then bits(c*) =

O(||G||**||os-|| + bits(o3)||G||) where ¢; is a fixed constant independent of G.

Proof of Claim 5.10. For Item 1., one direction (forward) is trivial. For the other

direction (converse), by our assumptions, there exist

1. A uniform almost surely winning Max strategy ow that is MD such that
against any Min strategy 7 and from any start state s,
7)9

OMpP,T,S

(MP>0) =1
2. A almost surely winning Max strategy oy = (M, mg, upd, nxt) such that

against any Min strategy m € Ilgy; and from any start state s € Y,

P o) rs(MP > 0 1 EPAR) = 1
3. A uniform positive attractor Max strategy oy, that is MD defined for all
Max states in X such that against any Min strategy 7 and any state s € X,

g
P pers(F(S(d))) > 0
For small fixed probabilities £9,e; > 0, we define a parameterized family of
finite-memory Max strategies o* . = (mg# M,upd’, nxt’) where

€0,€1

(

£0 - Opeer(S) + (1 —€g) - omp(s) s € X

nxt'(m, s) = o () s €Y, m=mg
[ nxt(m, s) s€Y, meM
(upd(m,(s,s’)) meM, sand s € Y
mg meM, sors € X

g1 -mp+(1—e1)-mg m=mg, s €Y

mg m=mg, s € X

\
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If So N X is empty, ¢¢ is redundant. If S5 N Y is empty, M and &; are
redundant. Observe that when there is only one even color, then indeed Y must
be empty, because otherwise Max cannot win almost surely from Y. In this
case, bits(o7 _ ) is determined by how small gy has to be. We show below that
exponentially small gy suffices. For e;, we assume that #(distinct even colors) is
at least 2. We argue that there is an instantiation with sufficiently small (doubly
exponentially small numbers suffice as we will see) positive values for £; such that

*

0%, ¢, is almost surely winning from any start state. Specifically, we show that it

is possible to instantiate g and e; such that

leoll = fa(n, po) (5.7)
lex]l = O(IG1 + Dits (o)) (5.8)

where f5 is some polynomial function in two variables, n is the number of states
in G, py is the bit size of the probability transition function in G and ¢ is
some constant independent of the instance. From the definition of ¢*, one has

lo*[l = llos | + 1.

bits(nxt’) = (|leoll + |1 — ol DI X|(loy || + 1) + bits(nxt)
bits(upd’) = bits(upd) + (||e1]| + ||1 — &1]|)[Y]

Substituting for ||go|| and ||e;|| from above, we get

bits(a™) = O(fa(n, po)lloy [[|S] + bits(ay) + ([|G]|* + bits(ay))[5])
= 091" [loy || + bits(ay)[|G]])

Both size and bit complexity of ¢* satisfy the properties from Item 2.. The
proof of claim is complete once we show the required bounds and that ¢* is almost

surely winning MP > 0 N EPAR from every state. Observe that

VI Pl ol (MP > 0 N EPAR) = 1 <=
vrPY (EPAR) = L APJ, .\ (MP > 0) = 1.

o*[mo],m,s o*[mo],m,

For EPAR, it suffices to have gy > 0 since

Py . (EPAR)=P%, . (EPARN GFX)+P7, . (EPARN GFX)

771-75(
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EPAR N GFX)  +P¢
EPAR N GF S(d)) +PY
GFS( )

o [mo], s o* eventually behaves as oy

Claim 5.7 Item 1. as gy > 0

*[mO] s

(GF
o «(GF
(GF
(GF

9333

)
)
)
)

Claim 5.7

*[mo] T8

For MP > 0, our argument uses the fact that the strategy ¢* has finite memory
and the size of the probabilities it uses. Firstly, observe that G[Y] is a mean-
payoff-parity game with highest color < d. Now, to show that PY, as(MP>0) =1
against any strategy 7 of Min, it suffices to consider the induced minimizing MDP
M = G and show that the value of every state (s,mg) in M is 1. Since the
original game has finitely many states and o* has finite memory, M is a finite-state
MDP. By standard results on finite-state MDPs for MP > 0 [BBE10a], it suffices
to consider just MD strategies for Min in this MDP, resulting in a finite-state
Markov chain.

Fix some MD strategy 7 of Min in M resulting in the Markov chain A[o™, m /]
(henceforth referred to as A). Given a state s € S, let B be some reachable BSCC
of A when starting from (s, mg). From the definition of ¢*, the memory part of
the state is mg whenever the state belongs to X, except possibly at the beginning.
This implies that in A, every state in X x M is a transient state, hence cannot
be part of B. B can therefore be seen as disjoint union of By = Sg N S x mg
and By = = S N'Y x M. While B; and B, are disjoint, there will nevertheless be
transitions from B; to B, and vice-versa, if both are non-empty as B is strongly
connected.

We show that MP > 0 by a case by case basis on whether either of B; is empty.
If By is empty, this implies that the ‘memory part’ of the state is mg and here o*
behaves as oy with sufficiently high probability (1 — &¢) so that MP > 0 almost

surely. From this one can estimate the size of €.

>> Claim 5.11. There are polynomial functions in two variables fi(z,y), fao(x,y)
such that

el < f1(n, po)

leoll < fa(n,po)

This shows (5.7)
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Proof. When Max plays owp solely, the mean-payoff i achieved against any pure
strategy of Min cannot be arbitrarily small. Because the size of the resulting
Markov chain is same as the size of the game, and the minimum possible mean-
payoff in any BSCC of this Markov chain can be computed through a linear
program, it follows that there is a polynomial function f; such that ||u|| < fi(n, po)
where py denotes the size of probabilities in G and n the number of states. But this
also means that ||eg|| which is polynomial in ||G|| suffices since small perturbations
of a Markov chain lead only to small changes in the value of achievable mean-payoff.

<

On the other hand, when B; is empty, ¢* behaves as oy and B; being empty
implies 74 is also a valid strategy in G[Y'|. By properties of o}, this means MP > 0
almost surely.

If both By and By are non-empty, then we argue by deriving lower bounds on
the expected sum of rewards in B; and By under steady state distribution. Recall
that X7 denote the state at time i and Y;% denote the random variable which
computes the sum of the rewards until step ¢ when starting from s € B. Similarly,
T35 (vesp. TV ) denote the hitting times of By (resp. B;) when starting from
s € By (resp. ¢ € Bs). Note that although the states of B are tuples, we refer

to them by s and ¢ for notational simplicity.

[y

11—

Vg = r((Xs X5g)) foralls € B,i>0 (5.9)
=0

55 = min{i | X} € By} s € B (5.10)

Tip = min{i| X5 € B} q € By (5.11)

If one can find uniform constants v; > 0 and v, such that

Vs &8 (Y;257673> > (5.12)
Vg EF (YY?{{B,B> > Uy (5.13)

V1 + U2 >0 (514)
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then it suffices since MP almost surely equals £ (MP) within a BSCC and

ZS /\SYSQS’B,B + Zq qu;fiB’B
Zs /\sTés,B + Zq Vquq,B

> Zs AsU1 + Zq VqU2

T AT s+ v T s

V1 + VU2

>
N Zs >‘8T2S,B + Zq Vquq,B

>0

EB(MP) =

where Ag (resp. v,) are long term steady state probabilities of hitting By (resp.
By) at s (resp. q).

We have &8 (YY?{{@B) > —Rﬁf(TﬁB). To upper bound T, observe that
|Bs| < |Y| X [M|. Let py denote the maximum size of any probability used by o3
and xy denote the smallest probability in A restricted to Y x M. It is easy to see
that zy > 27PY and

bits(ay) = O(|[Y][loy [Ipy)- (5.15)

The probability that a state with transition to By is hit in the first |By| steps is
at least zy /P2l from any start state, i.e., continuing for every b steps of that size
we have

Vo € By PE(TTy 2 b [Bal) < (1— )’

This gives EF (T{5) < xy B2l | By| Therefore
O AR

To find a lower bound for £8 (Yf;&B), we need to link the reward gained in B

in the Markov chain A to reward gained in Bj in the Markov chain A’ = G[oy, 7]
where o1 and 7’ are memoryless restrictions of o* and my to S X mg. Also note
that A’[B] is a well-defined sub-Markov chain and is equivalent to the conditioned
Markov chain of A on B;.

» Definition 5.12 (Conditioned Markov chain). If A o (S, E, P) is some finite-state
Markov chain and S" C S such that for all s € S', Y o P((s',5)) > 0, then the

def

conditioned Markov chain is well defined and given by Agr = (S', E N (5" x 5’), Pgr),

! df __ P(s's)
where P ((s',s)) = >es P((s,9))

Denote by 78 = r((Xl":B, XfH,B)) the random variable which gives the reward

on the (™" step when starting from s € B. For an event A, let 1, denote the
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indicator random variable of A. Simplifying, we get £8 (Yf58,8>

= &5 (Z re 1T2578>g> from (5.9)

= 255 (Tf : 1T§,B>€) rfl < R, EX(T5p) < o0

Dgg

B(.B B(.B L s
S (rz . 1T5’B>g+1) + & (Te . 1T25’B=€+1> T3 5 is integer valued

s

The value 88( 5. 1Ts _g+1> can be lower bounded by —R - PB( s =1+ 1)
since ¥ > —R surely. Furthermore, it is easy to see from (5.10) that the event
T5z > €+ 1 is exactly ﬂ”l X35 € Bi. Denoting the latter event by G“1B,

and continuing,

i(s‘?( Agoerp,) — R-PP (T35 =(+1))

/=0
ng (Tf . 16[0’”1]31)) - R s€e€ By
/=0

Intuitively, the expectation of the sum as long as one stays in B; should be the

v

same as the expectation of the sum in the conditioned Markov chain Apg, (this is

also the reason to throw away the last transition). We formalize this notion.

> Claim 5.13. Forall ¢ >0,s € By
gsB (TKB . ]_(_;[0,£+1]Bl) — 5;4131 < ABl> rpB (G O£+1]Bl)

Proof of Claim 5.13. For succinctness let Fy 1 = GO B, . The claim follows if

one proves that for any s;,ss € By

B AB
P (Xets s1, Xi118 = 52 } E€+1) = ' (XeAB 51=X€S+1,A31 = 32)

holds. It is easy to see why as the rewards on the identical transitions are
equal in both Markov chains. To show above, we first start by showing that
the distribution of states at the ¢*" step is identical in both scenarios. Given

¢ and start state s, for all s; € Bj let 054(s1) = E PB(XSB =5 ‘ EgH and
e A
Lo(s1) = Ps Bl( (A, = 81)'

> Claim 5.14. Forall />0, s € B;

/
9875 = Use
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Proof of Claim 5.14. We prove by induction on /.

Base case : When (¢ = 0, the event X7z € Bj has positive probability by
properties of By and therefore 6;, is well-defined for every start state s € B; and
is equal to d,. This proves the base case.

Induction step : Assume, 05, = 0. 0 for some ¢ > 0. To show that it holds
for ¢ + 17 95,2+1<S2)

= PSB (X;—FLB = 52 } E€+1)
= Z PSB(Xjer = 5y { Epi1, X g =s1) - 0s0(51)

s1€B1

= > PE(X{y=s| X5 € By)-0.(s1) Markov, IH

s1€B1

Z Z 81752)) '9;,6(51)

s1€B1 s3 € B1 ((SlaSS))

= Y Pp,((s1,52)) - 0, (51) De finition 5.12

s1€B1

= 9;,£+1(52)

NOW PB(XKB 517X€+1B = S9 ‘ Eg+1)

= PsB (X;+1,B = 52 | E€+17X2B = 31) : 93,8(81)

= Pp,((s1,52)) - eéjg(sl) Claim 5.14
A S

- . (XZA = 51, X€+1,A51 = 32>

Therefore, one has £ ( ‘ Ee+1) = SABI< ABI) from which the claim follows.
<
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From Claim 5.13, we further get £5 (YJ%B’B)

= (et (i) P 5,B>e+1>>—R
=0
> 25;431 (i) - > PE(T3s - )) ~R
t=0+2
> Z PB (T55=1) (Z gl (7’2431>>) - R Interchange sums
=0
> ZPB TS5 = t) 5A31< s 1ABI>> - R from (5.9) and linearity
> ZPB Ty =t) 5A31<t 1Ap, >>_R Youp, =0

This allows us to turn a lower bound on sums in Ap, into a bound for
&b (Yf;B,B) Remember that Ap, is a sub-Markov chain of the Markov chain
A" = G[oy, '] induced by two memoryless strategies. This means, the size of the

def

probabilities in A’ is p; = max(||€o]|, o) = ||€o|| and let the smallest probability
be 1 & £y5. A lower bound on sums in A’ is also a lower bound for sums in
Ap,. Let A" = (S, E', P"). Fix a start state s and denote by p/, the minimum
achievable mean payoff in any BSCC in A’. By optimality of o1, ¢/ > 0. We can
split the sum into two parts: the sum within a BSCC and the sum in transient
states. For the former, within any BSCC B of A’, one can get a lower bound
by standard arguments using the martingale process obtained from the Poisson

equation Lemma 2.7 and Fact 1.

» Definition 5.15. For a function f € R® on an ergodic Markov chain A =
(S, E, P), the Poisson equation is given by

f+Ph=h+1f

Z?:_ol f<Xi7A)
n

where f = lim,_o is the long term average of f.

By standard results( Lemma 2.7), a solution for the above equation exists and
h can be chosen such that h(s) € [0, K| where K = 2"9'@?"" fmax = maxg|f(s)],
Zop the minimum non-zero probability in P. Moreover, glven such a h, the process
M, = 3" f(Xi4) + h(Xn4) — nf is a martingale.

To use these results in our context, lets fix a BSCC B and a start state

sp. Within this BSCC, let the long term average mean payoff be pu > ' > 0.
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Denote by A5 % 2981%% oy one can find h? : Sy — [0, h5.] such that

max pB\SBI » 'Ymax

MPB = Y+ hB (Xf%) — tu is a martingale.

— &5, (Vg + 07 (X0h) —tn) = €5, (M) = €5, (M) = 1" (sp)
Simplifying, we get

Vsp, EL (Y7E) =tu+hP(sp) — EZ (WP (X%)) >ty — bl

SB max

Denote by H, the set of all states which are part of some BSCC in A’ and
Ty = min{i > 0 | Xy € H} denote the hitting time to one of these BSCC'’s.

|S| = n, let B = maxp i 2 sce b2, < 20E then it is clear that for any s € H

EX (Vi) >t — s (5.17)

max

and define C .y = (R + 11/) a T (Zz’;”ﬁ = 3’"0(1;32“,. (5.17) provides a lower bound
for all the states in H. To get a lower bound on the sum for the transient states,
we first compute an upper bound on the expected time spent in these states with

the analysis similar to Lemma 2.15.

> Claim 5.16. For any state s in A,

EX(Ty) <

Proof. Much like in the derivation for (5.16), one can show that PA(T% > k - n) <
(1-— x’f)k This then implies

EX(Ty) = ZPA (T3 > k) <nZ77A (T3 > k- n)
k=0

o0
Zl—xl =

> Claim 5.17.
gAl( t.A/) Z t/,bl — CA/

S

Proof of Claim 5.17. We decompose the expected reward £ (Y, ( f A/) by condition-
ing on T}. For a given T}, = k, the reward is a sum of rewards from the

transient phase (at least —R - k) and the recurrent phase. For the recurrent
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phase, the expected reward in the recurrent phase of length ¢t — k is at least
(t — k)’ — b (Equation (5.17)).

max

&X (Vew) = X (84 (iu | T3))

25;“/<—R~TS t— T — b )

max

(
Itu’—(RJru)EA( i) = hion

S max

>ty — (R+ u) — b2 (Claim 5.16)

max
1

>t — Cy
<
. . B S
Using Claim 5.17, &; (YTi&B)
> (ZPE(T;,B =) (t— 1) — CA/> ~R
t=1
_//'(ZPSB<T5,B:t)‘t>—CA'—#/—R s € By
=1
— - E5(T35) = Cw— 4 — R
It is easy to see that £5 (TZB) > i Substituting this, we get
,u/
fo (Y;S B) >H _Ccu— 1 —R (5.18)
2,8’ 51

Comparing (5.18) with (5.12), and (5.16) with (5.13), and looking at (5.14),

we require €1 to be such that

/

g——CA/—u’—R—xy_|BQ|-]Bg\-R>O
1

One can consider £ such that

/

L
[CA’ —|—ILL/—|-R+.TY7|BQ| . ’Bg‘ R—I +1

g1 = (519)

i and C'y constants which arise out of A’ whose size is polynomial in G. This
implies that the sizes of both ' and C4 is bounded by some polynomial with
large enough degree. Also, |Bz| < |Y| X ||o3-||. Combining all the above facts, it is
casy to see that ||e1|| = O(||G]|° + Y| - |loy || - py) for some large enough degree c.
From (5.15), this shows that ||e;|| = O(||G||® + bits(cy )) which is what we sought
to prove in (5.8) <
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In Claim 5.6, ||o*|| is the maximum of the ||o}|| which, by induction hypothesis,
is at most #(distinct even colors). Since, in this case, the maximum color is odd,
the number of even colors in the subgames is at most the same as in the whole game.
Hence ||o*|| = max;||o}||. By induction hypothesis bits(c}) = O(\]QHd_HC), and
from Claim 5.6, we get bits(c*) = O(|S| bits(o})) = O(||G]| bits(a})) = O(]|G||4T).
This shows Equation (5.3).

When the maximum color d is even and k = #(distinct even colors), Claim 5.10
implies that the number of even colors in Y is at most k—1. Since ||o*|| = 14|05 ||,
we have proven the induction step for the number of memory modes. For the bit
size, by the induction hypothesis bits(o}) = O(||G[|*~**¢). From Claim 5.10,

bits(c*) = O([|G[|* [loy || + bits(ay)[|G]])
= O(gI**" + 1G1I™*)
= O([|g]1**)
This shows Equation (5.4). <

Towards proving the lower bound, we construct the following class of games
(Definition 5.18 and Figure 5.2).

» Definition 5.18. For eachn € Z let Odd" = {z € Z, |z < 2n AN 2%2 =1}
and Even = {x € Z, | & < 2n A 2%2 = 0} and
G, < (S”, (SS, Sg,Sg),E”, P”) where

1. SrE {thw 0dd", S2 = {s}w Bven", SE =0, consequently P" is trivial.

def

2. BE"=tx Odd"U Odd" x sUs x Fven™ U Even” x t

def

Forn € Z,, state n has color n and Col(s) = Col(t) = 1. The reward function

def def def

r™ on the edges is defined as r™((t,i)) =i+ 1, 1"((i,s)) =0, r*((s,j)) =

def

—j+1, ((4,t) =0.

Proof of Item 2.(Theorem 5.5). It is clear from Definition 5.18 that ||G,| =
O(n) and there are n even colors in G, for every n > 2. Min (resp. Max)
controls only one state s (resp. t), where it has a non-trivial choice. Max can
win MP > 0 N EPAR surely from state s (and thus from every other state) by the
strategy that, at state ¢, copies Min’s most recent observed choice at state s. lL.e.,

if Min’s last step was s — x for some even x then Max chooses t — (z — 1).
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2n —1

Figure 5.2: Game G, from Definition 5.18 with odd states up to 2n — 1 and even

states up to 2n.

(This Max strategy requires n memory modes.) All induced plays trivially satisfy
EPAR. Moreover, the total reward between consecutive visits to state s is always
—(x — 1)+ 2 =1, and thus MP > 0 is also satisfied surely.

However, we show that all Max strategies with < n memory modes are
worthless.

Towards a contradiction, assume that there exists a Max strategy o from state s
in G, with a set of memory modes M where |[M| < n and inf, PJ» (MP > 0 N EPAR) >
0.

First we show, by induction on k, the following property P(k) for every
1 < k <n—1: There exists a subset My, of the memory modes, such that |My| > k
and for every m € My, the support of o[m](¢) is limited to the k lowest options,
i.e., C{1,3,...,2k —1}.

Base case k = 1: Let m be the Min strategy that always chooses the lowest
option 2. If, for every m € M, o[m]|(¢) includes options different from 1, then
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pgn

o,T,8

(MP > 0 N EPAR) < P9»

o,T,S

(EPAR) = 0, a contradiction. Hence there must
exist at least one memory mode m € My such that the support of o[m](¢) is limited
to option 1.

Induction step k—1 to k: Let m be the Min strategy that always chooses the
option 2k. Consider the long-run behavior of the finite-state Markov chain induced
by G,, 0 and 7. In the runs where Max’s memory mode at ¢ is eventually always
contained in My_1, the total payoff between consecutive visits to s is < —1 and
therefore MP < 0 and thus these runs are losing for MP > 0 N EPAR. Hence there
must exist a non-null set of runs where Max’s memory mode at ¢ is infinitely often in
M\Mg_;. Suppose that for all m € M\ M,_; the support of o[m]|(¢) is not limited to
the k lowest options {1,...,2k—1}. Then Pg7 (MP > 0 N EPAR) < PJr. (EPAR) =
0, a contradiction. Therefore there exists at least one m € M\ M;_; such that
the support of o[m](¢) is limited to the k lowest options {1,...,2k — 1}. Thus
M), D {m}wWM,_; and, by induction hypothesis, |[My| > 1+|My_1| > 1+(k—1) = k.
This concludes the induction step.

For k = n — 1, property P(n — 1) yields the required contradiction. Since
IM| < n—1, we have M = M,,_;. Thus the support of o(t) never includes the
highest option 2n — 1. Let 7 be the Min strategy that always chooses the highest
option 2n. Then P9~ (MP > 0 N EPAR) < P9~ (MP > 0) = 0. <

o,T,S o,T,S

Remark 5.19 (On the Computational Complexity). We did not touch on the
computational complexity of finding the almost surely winning set of states.
But one can observe that [CDGO14, Algorithm 1] where Mean on line 6 would
now mean MP > 0, would essentially be an algorithm that finds the required
set of states. So the bounds given in the above reference for that algorithm(

(’)(d -n?® . Mean(n, po, R))) is trivially also an upper bound for MP > 0 N EPAR.

5.5 Counterexamples for Lifting Randomized
Strategies

[GZ09, Theorem 9] describes a different method to lift strategies from MDPs
to SSGs. Unlike [GK23, Theorem 6.1], it does not require that the objective is
shift-invariant inverse-submixing, but instead has stronger prerequisites about
the strategy complexity in MDPs (resp. 1-player games). Given an objective, if

both players have optimal memoryless deterministic strategies in all maximizing
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(resp. minimizing) MDPs, then they also have optimal memoryless deterministic
strategies in all SSGs. Under mild assumptions this can be generalized to finite-
memory deterministic strategies [BORV23, Theorem 4.1], in stochastic or non-
stochastic arenas.

Such results do not generalize to randomized strategies as discussed in the
counterexamples below.

However, first note that there cannot exist any counterexample where the
objective is shift-invariant and submixing. In that case [GK23, Theorem 1.1]
implies that Max has optimal MD strategies in SSGs. This leaves the question
whether there are counterexamples that satisfy other strong properties, e.g.,
shift-invariant and inverse-submixing.

One counterexample was discussed in [BORV23, Section 4.4]. For the MP = 0
objective, Max (resp. Min) have optimal MR (resp. MD) strategies in deterministic
1-player games, but optimal Max strategies require at least 1 bit of memory in
deterministic 2-player games, even if randomization is allowed. [BORV23, Section
4.4] does not analyze the strategy complexity of this objective in MDPs, but it is
easy to show that Max (resp. Min) has optimal MR (resp. MD) strategies even in
MDPs. It is also easy to extend this example with multiple rewards, such that
optimal Max strategies require more (but still finite) memory. However, there
remains one downside. While the MP = 0 objective is shift-invariant, it is neither
submixing nor inverse-submixing. (The sequences constructed in the proof of
[BBE10b, Lemma 9] provide counterexamples to either property.)

Our lower bounds for the one-dimensional MP > 0 N EPAR objective in Section 5.4
show a slightly stronger property. Max (resp. Min) have optimal MR (resp. MD)
strategies even in MDPs, but Max strategies in deterministic 2-player games can
require arbitrarily many memory modes (equal to the number of even colors),
even if randomization is allowed. Moreover, the MP > 0 N EPAR objective is
shift-invariant and inverse-submixing.

The multi-dimensional MP > 0 objective considered in Section 5.3 is also
shift-invariant and inverse-submixing and Max (resp. Min) have optimal MR (resp.
MD) strategies even in MDPs. However, optimal Max strategies in deterministic
2-player games can require an ezponential (in the dimension) number of memory
modes, even if randomization is allowed.

If one drops the requirement that Min has optimal MD strategies in MDPs,

then there exist even stronger counterexamples where Max requires infinite memory
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Figure 5.3: An MDP where every op- Figure 5.4: A deterministic 2-player
timal Max strategy for the objective W' game where every optimal Max strategy
requires infinite memory. In the random  for the objective 0 with X = {5} re-
state so the successor is either so or s1, quires infinite memory. State s (resp.
each with probability 1/2, and the re- ) belongs to Min (resp. Max) with re-
ward is +1. In the controlled state s; ward —1 (resp. 4+1). The players choose

Max chooses between staying in s with  between staying in the current state or

reward —1 or going to sy with reward 0. switching.

State s, is a sink with reward 0.

in deterministic 2-player games.

An example in [Van23, Proposition 3.1.3] considers the objective W = W, UW,,
where W1 = {cic; - - - | iminf,_,o0 Yo ¢ = oo} and Wy e | Y=
0 for infinitely many n}. Both players have optimal finite-memory deterministic
strategies in deterministic 1-player games, but Max needs infinite memory in
deterministic 2-player games. However, note that the objective W5 (and thus
W = Wy UWs) is not shift-invariant. Moreover, [Van23] does not discuss the
strategy complexity of W in MDPs, and the example in Figure 5.3 shows that
optimal Max strategies for W already require infinite memory in MDPs. l.e., W

is not a counterexample for lifting strategies from MDPs to SSGs.

» Proposition 5.20. Given the MDP in Figure 5.3, Max has an optimal strateqy
that attains the objective W with probability 1, but every FR Mazx strategy is not

optimal.

Proof. First, since sq is left almost surely, W7 is a null set under all Max strategies.

An optimal Max strategy plays as follows. When s; is reached with total
reward +n (which happens with probability 27"), then it loops n times in s; and
then goes to sy where the total reward stays 0 forever. This satisfies W, (and thus
W) with probability 1.
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Now consider an FR Max strategy with m memory modes. Since m is finite,
there exists at least one memory mode m and numbers n, > n; > 0 such that
the two events of entering s; with memory mode m and total rewards n; and ns
each have a nonzero probability. Thus with nonzero probability either the state
s9 is reached with a total reward # 0 or s, is never reached, and hence W is not

satisfied almost surely. <

We now present a stronger counterexample where the objective is shift-invariant
and both Max and Min each have optimal MR (or alternatively, FDD) strategies
in all MDPs, but optimal Max strategies still require infinite memory (even if
randomization is allowed) in deterministic 2-player games.

Let 0y = {cicy--- | limsup,, .. Yo, ¢ > —oo}. Let X C S be a subset of
the states, e.g., defined via a coloring function. Our objective 0 combines 0; with

Biichi and co-Biichi objectives w.r.t. X.
0= FGX V ((GFX)ADQ)
The objective 0 is shift-invariant, but neither submixing nor inverse-submixing.

» Proposition 5.21. Maz has optimal MR (and FDD) strategies for O in mazim-
1zing MDPs.

Proof. Given a maximizing MDP, we can consider the end components wrt. an
optimal strategy. For each winning end component F there are several possible
cases.

If FGX is satisfied almost surely in £ then an MD strategy is sufficient inside
E, since that is a co-Biichi objective.

Otherwise, if it is possible to satisfy ((GFX) A 0;) almost surely in £, then
there are two cases. In the first case, it is possible to satisfy even the stronger
objective ((GFX) AMP > 0) almost surely in E. This objective is a special case of
MP > 0 N EPAR and thus an MR (or alternatively FDD) strategy is sufficient by
Theorem 5.3. In the second case, it is possible to almost surely satisfy ((GFX)A0;)
but not ((GFX) AMP > 0) inside E. There must exist a state € X inside E,
such that one can satisfy ((GFz) A 0y). Since E is finite, it must be possible to
satisfy ((GFz) AMP = 0) almost surely. Thus, there must exist a strategy from
state x such that x is re-visited almost surely with an expected total reward = 0.

Playing such a strategy repeatedly is also sufficient to satisfy ((GFx) A 0;) almost
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surely. Thus it suffices to play an MD strategy for the optimal expected total
reward (paid out upon visiting z) inside E.

Hence inside every winning end component an MD strategy or an MR (resp.
FDD) strategy suffices. Elsewhere, we can fix an MD strategy that maximizes the
chance of reaching a winning end component. Altogether this yields an optimal

MR strategy (resp. FDD strategy). <

» Proposition 5.22. Min has optimal MR (and FDD) strategies for O in minim-
1zing MDPs.

Proof. It suffices to show the existence of optimal Max MR (and FDD) strategies
for the complement objective 0 = GFX A ((FGX)V 0;) = (FGX) V (GFX A D).

Like in the proof of Proposition 5.21, we can consider the strategies in winning
end components E. For the co-Biichi objective FGX, an MD strategy in F suffices.
Otherwise, in finite-state MDPs, we can win (GFX A 0;) almost surely iff we
can win (GFX A MP < 0) almost surely. For this an MR (or alternatively FDD)
strategy is sufficient by Theorem 5.3.

Hence inside every winning end component an MD strategy or an MR (resp.
FDD) strategy suffices. Elsewhere, we can fix an MD strategy that maximizes the
chance of reaching a winning end component. Altogether this yields an optimal

MR strategy (resp. FDD strategy). <

However, in deterministic 2-player games, optimal Max strategies for 0 require

infinite memory.

» Proposition 5.23. Consider the deterministic 2-player game G from Figure 5.4,
and objective 0 with X < {so}. Max can win objective O surely, but every FR Max

strateqy cannot guarantee any positive probability for O.

Proof. Towards the first part, we define an optimal Max strategy that keeps
track of the total reward and plays as follows. Whenever s; is reached with some
negative total reward —n, Max loops n — 1 times at s; and then goes back to
59, which makes the total reward 0. This ensures objective 0 against any Min
strategy as follows. In plays where Min eventually stays in sy forever we have
FGX and thus 0. Otherwise, sg and s; are both visited infinitely often and the
limsup of the total reward is 0, and thus 0 holds.

Towards the second part, we consider an FR Max strategy o with m memory
modes (allowing randomized updates), starting in memory mode my. We will
construct a Min strategy 7 such that PY_ . (0) = 0.

0,T,50
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For every memory mode m let p(m) be probability that, in state s; and memory
mode m, in the next step o returns to so. Let p = min{p(m) | p(m) > 0} > 0. Let
7 be the MR Min strategy that in sy goes to s; with probability p/2 and to s
with probability 1 — p/2. Fixing the strategies o, 7 yields a Markov chain with
2m states and initial state (sg, mg).

Let E be the event that s; is visited when ¢ is in some memory mode m with
p(m) = 0.

Conditioned under E, the properties FGX and GFX are not satisfied and thus
0 is not satisfied, i.e., PY . (0N E) = 0. If E is a null set then this shows the
required property.

Otherwise, conditioned under E, both states sy and s; are visited infinitely
often almost surely, since p > p/2 > 0. In the steady state, the probability a of
being in sy satisfies « > a(1 — p/2) + (1 — «)p, and therefore @ > 2/3. Hence
the (conditional under E) expected mean payoff is < a(—1) + (1 —a) < —1/3.
It follows that P¢_. (MP < 0| E) = 1 and thus P¢__ (0, | E) = 0. Moreover we

o,7,80 0,7T,50
have P¢_ . (FGX) =0, since p/2 > 0 and thus PJ_, (0N E) = 0.
Finally, P, (0) =Py, (0NE)+ Py,  (0NE)=0. <



Chapter 6
Summary & Outlook

In this chapter, we briefly summarize the results presented in this thesis and
consider possible future questions or research directions that can improve or extend

the present results.

6.1 Energy-Parity

Summary

We gave a procedure to compute e-approximations of the value of combined
energy-parity objectives in SSGs. The decidability of questions about the exact
values is open, but the problem is at least as hard as the positivity problem for
linear recurrence sequences [Pir21, Section 5.2.3].

Unlike almost surely winning Max strategies which require infinite memory in
general [MSTW17, MSTW21], e-optimal strategies for either player require only
finite memory with at most doubly exponentially many memory modes for unary

rewards.

Further questions and possibilities

An interesting topic for further study is whether these results can be extended
to other combined objectives where the parity part is replaced by something
else, i.e., energy-X for some objective X (e.g., some other color-based condition
like Rabin/Streett, or a quantitative objective about multidimensional transition
rewards). While our proofs are not completely specific to parity, they do use many

strong properties that parity satisfies.

120
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Shift-invariance of EPAR is used in several places, e.g. in Lemma 3.5 (and thus

its consequences) and for the correctness of the constructions in Section 3.6.

We use the fact that EPAR goes well together with LimInf (> —o0), i.e., the
objective Gain = LimInf(> —oo) N EPAR allows optimal FDD strategies for
Max in MDPs; cf. Lemma 3.2.

The submixing property of OPAR = EPAR is used in Theorem 3.4 to lift
Lemma 3.2 from MDPs to SSGs.

A second direction to explore is to decrease the complexity of the given
procedure in Theorem 3.1. The computational complexity of 3-NEXPTIME for

binary rewards can be seen as coming from 4 main sources.

1. The first exponential is a bound for the N in rising MDPs with unary

rewards.

2. When the rewards are binary, the size of the intermediate rising MDP M’

constructed will increase by an exponential.

3. A third exponential comes from the fact that optimal deterministic strategies
for Gain = LimInf(—o0) N EPAR provably might need exponential memory
and as we consider the minimizing MDP induced by fixing the optimal

strategy for Gain, this results in a third exponential blowup.

4. Finally, we need non-determinism because there is currently no known

polynomial time algorithm to solve parity games.

Solving Item 4. would certainly help with resolving non-determinism, but this
is a long-standing open problem even in the case of deterministic 2-player games.
[tem 1. seems tight, i.e., there could be a family of One-counter MDPs or even
Markov chains where N must be exponential in the size of the MDP to get to
an e-approximation. Items 2. and 3. seem promising to tackle because we are
currently using the result for unary case as a black box for binary rewards as well
which could potentially be improved. And if we consider randomized optimal

strategies for Gain, this could potentially be of polynomial size as well.
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6.2 Energy-MeanPayoff

Summary

We showed that deterministic finite memory suffices to win almost surely the
Energy-MeanPayoff objective, which requires the energy condition to be satisfied
on the first dimension and achieve a strictly positive meanpayoff on the remaining
dimensions. We also show that exponential memory is both necessary and sufficient,
where the lower bound holds even for randomized strategies and in games where

the rewards are from {—1,0,1}.

Further questions and possibilities

Similar to Chapter 3, one could consider the problem of approximating the value
in MDPs or stochastic 2-player games. The hardness results for computing the
exact value again follows from [Pir21]. A direct extension would be to look at the
strategy complexity for the Energy-MeanPayoff objective in games and whether

the finite memory result still holds.

6.3 Lifting and MeanPayoff-Parity

Summary

While finite-memory Max strategies for shift-invariant inverse-submixing objectives
can be lifted from MDPs to 2-player stochastic games, this requires exponentially
many extra memory modes. This extra memory cannot be avoided in general,
even when using randomized strategies (Theorem 5.2).

The mean-payoft-parity objective MP > 0 N EPAR in Section 5.4 provides an
interesting example where randomization in strategies drastically reduces the
amount of memory required (from exponential to polynomial), but does not
eliminate the need for memory entirely.

Finally, our counterexamples in Section 5.5 show that the different method
of [GZ09, Theorem 9] to lift deterministic strategies from MDPs to 2-player

stochastic games cannot be generalized to randomized strategies.
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Further questions and possibilities

Regarding the class of shift-invariant inverse-submixing objectives a possible open
question is concerned with the exact trade-off between memory and attainment,
i.e., how good can randomized strategies with a suboptimal number of memory
modes be in the worst case, relative to strategies with sufficient memory.

Another direction concerning MP > 0 N EPAR is to further understand the type
of strategies required for almost sure satisfaction. Are randomized updates strictly
necessary for strategies with memory modes at most number of even colors? What
if we relax the memory requirements and allow polynomial memory? Can we get
away with using randomization only in choosing the successor state?

A third possibility is to have a characterization for the minimum number
of memory modes required to win MP > 0 N EPAR almost surely in a game
where it is known that Max can almost surely win MP > 0 N EPAR. The bound
#(distinct even colors), while an optimal complexity over all instances, is not
optimal for every instance. It is unclear if the strategy derived in Section 5.4 is the
one with the least possible amount of memory required for every game or if there
is a different algorithm that can do at least as good and strictly better on certain
instances. As the strategy we suggested is based on attractor decompositions,
one could parametrize the game in terms of Strahler number of the game instead
of number of even colors and ask: Is the minimum number of memory modes
required to almost surely win MP > 0 N EPAR in a game with Strahler number
k, exactly k? The Strahler number as defined in [DJT20] is only defined for
deterministic 2-player games. One can nevertheless formulate a definition in
stochastic 2-player games based on positive attractor decompositions or simply
use known reductions [CJHO03, Figure 1] which take an almost surely winning
region of Max for EPAR and convert it into a deterministic 2-player game where
every vertex is winning for Max and define the Strahler number for the original

game in terms of the Strahler number for the constructed one.
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